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Introduction

The number of comparisons required to fill the pairwise
comparison (PC) matrix used in the scientific study of
preferencesand in particular in the AHP can becometedious
as the number of alternatives considered becomeslarger
(grows with O(N?)).

Priority vectorswhich are obtained from normalizing
principal eigenvectorsof PC matrices can be computed even
if some PC entriesare missing, under some conditions.

Thisstudy aims to determine whether or not some PC
matrices entries can be systematically omittedin the
elicitation process of the AHP without significantly
distorting the final solution. It is expected that these
omissionswill be guided by anumber of simple heuristics
that will have been verified empiricaly by way of numerical
simulations. The simulationscompare priority vectors
obtained from complete matrices with those obtained by
omitting some PC entries (see figure 1).
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—Figure 1 —
Computation of priority vector

The measure used to eval uate distances between priority

vectorsis the angle based on the cosine similarity of vectors
whichisdefined as :
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Core concepts and computations

QO Thespaceof priority vectors obtained from filling PC
matrices using scales such as Saaty’s linear, Ma-Zeng's
inverse linear, Hamalainen’s balanced, etc., isdiscrete.

O All random vectorsw=(w, ..., w,) used tofill aPC
matrix by computing A (a; = round [w; / w]), which
result in the same priority vector (eg. by increments of 0.001)
areincluded within a conearound the resulting priority
vector.

QO Therefore, the use of discrete scales entailsalimit
of precision for priority vectorswhich can be
expressed in angles using the cosine similarity
measure (seefigure 2).

~ Figure 2 -
Hllustration of the cone of precision for
apriority vector of dimension 3

0O Solutionvector p’ obtainedwith PC matricesomittinga
number of entriesis an approximation of the solution
vector p obtained with complete matrices (see figure 3):

Q If the approximation error measured as d(p,p’) is
smaller than the limit of precision, p’ can be
considered just as accurate.
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~ Figure 3 -
Vis the N X M matrix concatenating the
M priority vectors (one for each criteria).

Preliminary Results
QO Preliminary tests (as of thissubmission deadline—April 18, 2016) have
shown:

QO That priority vectors obtained from matrices of sizes5X 5
to 15 X 15 have alimit of precision angle of approximately
5 degrees (95™ percentile)

0 That overall solutionswith modelsof 6 to 8 dternatives
and 4 to 8 criteriawith incomplete matricesusing asimple
heuristicfocusing on 2N - 3 entries (see figures 43, 4b)
provide result vectorswithin less of 5 degrees from
solutions obtai ned with complete matrices
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Rank order the alternatives, then proceed Distribution of angle distance (in
by comparing the following pairs degrees) from a run a 10 000 trials

O Those including the top alternative
Q Those consisting of contiguous
alternatives

0 Mixed Integer Nonlinear Progranming models have shown that
the minimum numbers of entriesrequired to approximate (within
5 degrees) the complete solutions of size N can be much less
than 2N - 3 (assmall as N + 2 in some cases)

QO Further tests are being conducted :

0O With other preference scales (Inverse Linear, Balanced, ..)

O To determine and eva uate other heuristicsthat could
provide approximation with alesser number of entries

0O To determinethe extent to which approximationsare
affected by inconsistency

0 To confirm the conditions under which the heuristicscan be
applied

Conclusions

Preliminary results point towards the affirmation that the
number of entriesrequired to approximate overall solutions
within limitsof precision grow with O(N) (seetable 1).
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~Table 1 -
Number of PC matrix entries that can

Further testing will help specify the conditionsunder which
the heuristics could provide a significant reduction of effort
intheelicitation of pairwise comparisons.
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