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Abstract The aim of this paper is to summarize the weighted vector algorithms in one
person and one criterion of AHP. It includes three parts: The first is a sketch survey of
the weighted vector algorithms in one person and one criterion. The second is to link up
the relations in several algorithms, and to find the equivalence or the resemblance in
them. The last is to study the common character of the optimization algorithms from
methodology-point of view.
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1. A sketch survey of the algorithms

The weighted vector algorithms in one person and one criterion may be generally divided to three
kinds:+ eigenvector methods; + optimization methods; - other methods.

Note generally in this paper A =[a,],,, be judgement matrix, A* =[w /w ' Lnxn be weighted

L
matrix to seek, D= {w[Zw, =1w,>0,i=12,---,n} be weighted vector set,
i=1

e=(L--)7 eR".
1.1 Eigenvector methods

Eigenvector methods are basic algorithms of AHP.
There is a simply algorithm- - power method for finding eigenvector when A > 0.
If A>0, x=e,then

. X
im————=w .

where W is normal eigenvector corresponding to maximum eigenvalue of A , named weiglited vector
or sequence vector.
The algorithm of power method is as follows: Given accuracy £ > 0.

@ Take x®@ =e,let k=0.
@ Calculate XD = Ax® = A*e,

n
@ Let B, =e"x*" = x,(k+1), Calculate normal vector y @ =x® /g .

i=1
@ If

k .
b 30| <z i=1200m

hold, then weighted vector W = y("*” ,turnto ®; otherwise let k =k +1, returnto @.
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n k=1 ajk

also let a; = 10%, construct quasi-optimal compatibility matrix A =[a;],,,- According to the

following formula
® Calculate maximum eigenvalue of A

n
z'max = Z(Aw)l/nwl ‘
i=]
1.2 Optimization methods

Optimization methods may be divided to logarithmic least square method, least square method, least
deviation method and Zz method etc. according to the denoted manner of disturbance matrices.

1.2.1 Logarithmic least square method (LLSM)

» w .
Define disturbance matrix E =[¢g;],., =AcA "= [a, —21], where “o* is Hadamard product.
wl

Construct logarithmic least square model:
n n w 2
min f(w)= Y lg’ 5, = Z[lg(a,, —f)] .
i,j=1 ij=1 W,
weD

M i=12,-

k=1\_j=1
Obviously, above result is the same as the result from root method.
In [2]. [3], applied the concept of optimal transmission matrix, translate the elements in judgement

matrix A =[a,],,, into

through simple calculation, we obtain

w, = SR :

1

n

»
Zaij

=1

w; = j=12,-.n

calculate weights.
In [4], defined a, in A =[ag']

(k =1,2,--+n) be indirect judge element for thing i to thing j, and take geometric mean of the latter
1

n n

ay =| T]%

k=t

nxn

be direct judge element for thing I to thing j, @ / a,

construct compatibility matrix
A =[ay]
from this obtain weights

S



() W=l j=120m
2.9

i=]

1.2.2 Least square method (LSM)

Define disturbance matrix E =[¢g;],., =A-A"=[a; —w, /wj]. Construct least square

nxn

model:

n
. 2
ming(w) = Z(a,.j—w,/wj) .
i,j=l
weD
There are some LSM in references [5], [6] and [7].
In [6], constructed typical quadratic form problem:

minJ =z"z
SLAW=nw+z
efw=1

w>0
its solution is

Re
W=—
e’ Re
where

O R =[(A~ )" (A-mD)]"

1.2.3 Least deviation method(LDM)

Define disturbance matrix E =[¢

w.
i Inen =[@; —=1, and construct Jeast deviation model:
W,

i

. 1< w; w
minA(w) ==Y (a,—~+a,—--2)
2{74 w, w;
weD
[81 gave following theorem and algorithm:
Theorem 1 Function /(W) exists unique minimum solution W" € D, which also is the only
solutionon D of equations
" w n w. .
Za;j-—i-—Zaﬂ——‘-:O i=12,-,n
J=l wi J=1 wj
The algorithm of least deviation method is as follows: Note

¢’f(w("))=i% 29 _i“j/ () i=12,--,n

A w(k) T 7wk
Givenaccuracy & > 0, select initial weighted vector w(0) = {w, ), w,(0),---,w, (O)}G D and let
k=0. '
@ Caleulate @,(W(k)), i=12,,n. 1f |p(w(k)] <& hold for Vi, then w(k) is
O . minimum solution of /(W) , stop; otherwise turn to @.
@ Note




s (w(k)) = maxlp, (w(k))
find

J=l Jel

[eow o, i
%) _{w, (), i¢1

(s m® s wm)
t(k)—(za,jm Z "lw(k)J

w (ke +D) =,/ > x,®)

1
let k=k+1,returnto @.
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w
. . 2
Define disturbance matrix E =[g;],., =[a, /1 and construct x> model:
w,

minr(w) = i (ay —w,/w;)
=R
weD

The algorithm of ,},'2 method is as follows: Note

k
o,(w(k))= gl: a; z(k; +a},)—%] i=12,.n

Given accuracy € > 0, select initial weighted vector w(0) = {w1 0),w,(0),---,w, (0)}T €D and
let k=0.

@ Caleulate @,(w(k)), i=12,--,n. If |p,(w(k)] <& hold for Vi, then w(k) is
minimum solution of 7{W), stop; otherwise turn to .

© Note

o2 (w(k)) = maxp, (w(k))
find

t(k)=[z(1+a;) S (a+a2y 1)
w, (k)

J#l sl

. t(k)w,(k), i=1
“O=1, d, el

wk+)=x,k)/ Y x;(k)  i=12,n
J=1

let k=k+1,returnto @.
1.3 Other methods

They are gradient eigenvector method and relative entropy method. Now describe the result of the

latter.
[10] Constructed following relative entropy model:




n a.,.
ming(w) =Y | Igw, —lg—— |, .

ij=t

a &
k=1
weD
Applying Lagrange multiplier method, we obtain

n

= |-

a,j a,j

n n n
| D ) ISV
j=1 z a,g i=1 j=l1 Z akj

k=1 k=1

2. The equivalence and the resemblance in algorithms

Two algorithms are said to be equivalence, if the calculation formulae of weighted vectors in both
are the same. Two algorithms are said to be resemblance, if the theory and methods for finding weighted
vectors in both are duplicate.

2.1 The equivalence in algorithms

The following several algorithms are equivalence:
1) Applied simple logarithm knowledge, easy verify that the result in [2]. [3] is the same as the
O result in [4], and may be denoted to expression -. It implies that they are equivalence with LLSM.

2)Iflet k=1 informula -, we obtain
1

Za/j

Ae), =
; — (T ,)‘ - nj ln s i=1,2’°°"n
e Ae
ZZ%
k=1 j=1

It is just the expression of sum method. It impiies that sum method is equivalence with approximation of
Ist degree of power method.
3) The expression * may be simplified to

" 1 n o n 1
W :H(alj)" ZH(alg)” s izlazs“"n

Jel k=1 j=1
It is the same as formula . Therefore, the relative entropy method is equivalence with LLSM.

2.2 The resemblance in algorithms

Expanding expression -, we obfain

n — 2
r(w) = Z(ay wi/wj)

L=t W / Wy

I w; w, ‘
z: J [ .
w

4j=1 i w,

Obviously, as function of W, the expressions in parentheses of /2(w) and r(w) are the same. It
O implies that these algorithms must have their parallel results in theory and method.




3. Some conclusions

1) The common properties in optimization methods

Four optimization methods--LLSM, LSM, LDM and xz method have following two common
properties:

(@ The construction forms of goal functions are decided by the expressions of disturbance functions.

w b,
The disturbance functions can be induced two basic types: (i) ratio type: &; = ay/ {4], its ideal
w
J

W, .
value is &, =1; (ii) difference type: &, =a; ——L its ideal value is &y =0, and the ideal values

w;

of both are arrived when the judgement matrices are compatible.
@ In four models -, -, -. -, weDc R}, D are open sets. Therefore, their necessary

conditions can be found with Lagrange multiplier method.

2) The weighted vector algorithms in several persons and one criterion are generalized from the
weighted vector algorithms in one person and one criterion. Therefore, there are similar conclusions on
equivalence and resemblance in algorithms, see [11] in detail.
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