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ABSTRACT

In Analytic Hierarchy Process (AHP), a ratio scale (my, s, -+, m;) for the priorities of the
alternatives {14, T5, - - -, T3} is used for a decision problem in which 7; /7; is used to quantify
the ratio of the priority of T} to that of Tj. In this article, a statistical method is proposed
for testing a specific rank ordering of the priorities of the alternatives.

Key Words: Hypothesis Testing, Kuhn-Tucker Problem, Likelihood-Ratio Test, Multiplica-
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1. Introduction

In the collection of the alternatives {T},Ts,---,T;} for a decision problem, the priority
vector of the alternatives is (my, 7, -+, m) and for each ¢ and j, the ratio m;/m; gives the
preference of the alternative T; to that of 7j. A rank ordering of the priorities of the
alternatives is very important concern in a decision problem. More specifically, one needs
to test a null hypothesis Hy : m = my = .-+ = m; against the alternative hypothesis
H,:m >my > --- > m with at least one strict inequality.

Let a;; be the subjective estimate of m;/7; made by a judge for some ¢,7,7 # j. It can
be assumed that 7;/7; is perturbed by the multiplicative error e;; to produce a;;. Such
multiplicative models has been used by Dejong (1984) and Crawford and Williams (1985).
a;; can then be written as
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aij = 7.61']'. (1)

Let agill for k = 1,2,---,n be the estimate of m;/m;;1 provided by the k-th individual;
k=1,2,---n. 1/a§i)1,i can also be taken as estimate of m;/m; 1 if a;,;41 estimates m;/m; 1.
Other values of a;; for i # j can also be multiplied to produce estimates of 7;/m;11. In this
situation, it is appropriate that the common distribution of a;; to be reciprocal symmetric
(see Crawford and Williams (1985)). For the multiplicative model (1), one such distribution
is the log-normal distribution. We assume here that e;;s are independent and have log-
normal distribution with mean zero and variance 0. Basak (1990) proposed a statistical
hypothesis testing method to test the null hypothesis Hy against the alternative hypothesis
H,. But the corresponding distribution of the test criterion was rather complicated. In
Section 2, we propose simple alternatives of the null hypothesis Hy and the alternative
hypothesis H, along with its test criterion. Computation of the proposed test criterion
and its distribution is discussed further in Section 3. A numerical example is provided
in Section 4 to illustrate the methodology proposed in this article. We then make some
concluding remarks in Section 5.

2. The Hypothesis Testing Problem

In the selection problem, the decision making is heavily dependent on the ranking of the
alternatives. The relative standing of the priority alternatives is important in resource
allocation problems too. In those problems, ranking of the alternatives would be sufficient
for the selection of a number of highly preferred alternatives. In these cases, one would like
to assure that the ranking of the alternatives is well-supported by the statistical theory.

A problem of hypothesis testing is proposed in this section. The hypothesis which gives a
specific ranking of the alternatives, without loss of generality, is the alternative hypothesis
H,:m > m > -+ > m in favor of which we want to get evidence using sample information.
At least one is a strict inequality in the string of inequalities in H,. The hypothesis we
want to reject is called the null hypothesis, Hy. It states that all the alternatives are of
equal standing, i.e., Hy :m =mg = -+ = 7.

Therefore, one has to test

Hy:m =my =---=m against (2)
H,:m >my>--->m with at least one strict ineqiality.

The hypothesis testing problem in (2) has the following equivalent form:

Hy:0;=Inm, —Inmy; =0fori=1,---,t —1 against
H,:0;=Inm; —Inm;y; >0fori=1,---,t—1 (3)
with at least one strict inequality.
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The likelihood function f of ag?ﬂ fori=1,2,---,t—1and k=1,2,---,n is proportional
to

exp l Z {Z (In az H—l —Ina;;y1)* +n(na; ;11 + Inmg —In 7rl-)2H (4)
k=1

n
in which Ing; ;11 = + > In agzlrl. Writing 6; = Inm; —Inm; 1 and y; = Ina; ;11 in the equation
k=1
(4), one gets the likelihood function f to be proprtional to

exp [—;‘2;(% — 60,7 . (5)

To test the null hypothesis Hy against the alternative hypothesis H,, each of which are
given by (3), we will use the well-known statistical method of the likelihood ratio test. The
likelihood ratio test is based on whether

A= max f/ max is small or not, or equivalently,
0

a

A= —-2lnA=2 I%in(— In f) — H(})in(— In f)| is large or not. (6)
0 a

In the above, denoting m =t — 1,

@O — {ezwz :OaZ = 1727"'am}7
©, = {6:i/6; >0,i=1,2,---,m with at least one strict inequality}.

By using (5), A* in (6) can easily be evaluated to be

2

where s? is an estimate of o2.

3. Computation of the test criterion \* and its distribution under H,

The minimum of the convex function f* = nX™ (y; — 6;)* of 6; has to be found under the
inequality constraints g;(6,60s,---,60,,) = 0; > 0 [for i = 1,2,---,m] in order to compute
the test criterion A\*. This problem can be readily seen to be a non-linear programming
(NLP) problem. The NLP problem can be stated as follows:
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Find 6;,u;, i = 1,2, ..., m, that satisfy

%g: = Z’ZLl uk%%{j?
91’(91,927"'79771) Z 07
(8)
Us Z 07

u;.gi(01,04, -, 0,) = 0.

Assuming that the functions f* and ¢ are differentiable, we state the necessary and sufficient
optimality conditions for this NLP problem. These optimality conditions are commonly
known as the Kuhn-Tucker conditions. Solving for these Kuhn-Tucker conditions is also
referred as Kuhn-Tucker (KT) problem. Solving for KT problem is finding a solution to
a system of non-linear equations (8). We state below necessary and sufficient optimality
conditions for the K'T problem.

Theorem 1 (Kuhn-Tucker Necessity Theorem): If the objective function f* and
the constraint functions g; are differentiable and if, furthermore 0g;(6,,---,0,,)/00; for
i =1,2,---,m are linearly independent (this property is called the constraint qualification),
then if (67, -, 6% ) is an optimal solution to the NLP problem, then there exist (uj, -, u’)
such that (07,---,0" ,uj,---,u},) solve the KT problem.

Y m?

It is to be noted that f* and g¢; for i« = 1,2,---,m are differentiable functions in this
situation and the constraint qualification is also satisfied.

Theorem 2 (Kuhn-Tucker Sufficiency Theorem): If the objective function f* is con-
vex and the inequality constraints g; are all concave functions and if there exists a solution
05,---,0% uj, -+, ur) that satisfies the KT problem, then (67,---,6* ) is an optimal so-

lution to the NLP problem.

It is to be noted that our objective function f* is convex and our inequality constraints are
concave.

Therefore, the existence of the optimal solutions (67, - -, 6%)) are guaranteed by the above
two theorems. We will now proceed to obtain these 607, ---, 0, explicitly. The gradient
vectors of g; for i = 1,2,---,m are % =(0,0,---,1,0,---,0) in which 1 occurs in the i-th

position. The equations given by (8) reduce to

2n(0; —yi) = g,
01' 2 07
(9)
U Z 07
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One gets the following by solving (9) for 6; and w; for i = 1,2,---,m:

Either u; = 0 in which case 6; = y; or u; = —2ny; in which case 6; = 0. (10)

Now, let R denote the space of all sample vectors (yi, s, ", ¥m). A point (y2,49,---,49)
is known as the maximum likelihood estimate of (6,60s,---,0,,) for which the function
f*=nX", (y; — 6;)* is minimized. More specifically,

minf* = nZ(yz — )2,
i=1

Next we develop a testing procedure following Bartholomew (1959a, 1959b) and Kudo
(1963) in which we find the maximum likelihood estimate (3,49, - -, %% ). Unlike Bartholomew
(1959a, 1959b) and Kudo (1963) who used an heuristic algorithm, we find the maximum
likelihood estimate using non-linear programming technique. For that purpose, the space
of all sample vectors R can be thought of divided into 2™ disoint subsets,

R = U¢CMCARMa (11)

in which Ry, is the totality of all points (yi, s, ", ¥m) such that y? = 0 for i ¢ M and
y? > 0 for i € M where (y9,49,---,4°) are the maximum likelihood estimates associated
with (y1,y2,*,Ym). In (11), A = {1,2,---,m} and ¢ is the null set. Clearly, R4 is the to-
tality of all the sample vectors for which every component of the maximum likelihood vector
is greater than zero and R, is the totality of all the sample vectors for which every compo-
nent of the maximum likelihood vector is zero. It is to be recalled now that the existence
of the optimal solutions (67, --,6% ) are guaranteed by Theorems 1 and 2. These opti-
mum solutions (0}, -+, 0 ) are actually the maximum likelihood estimates (¢, 3, --,92).
Therefore, the existence of the maximum likelihood estimates (y{,43,---,9) are guaran-
teed for any sample vector (yi,%a, ", Ym). In the following theorem, we will provide a
necessary and sufficient condition for a sample vector (y1, ¥z, -+, ¥m) to belong to Ry,. We
will denote M = {d +1,---,m} in order to avoid confusing notations but it will be clear
that the method works for any M for ¢ C M C A.

Theorem 3: A necessary and sufficient condition for the sample vector (y1,y2, -+, Ym)
belonging to Ry, where ¢ C M C Aand M ={d+1,---,m} is

(i)y; <0fori=1,2,---,d,

(ii)y; >0fori=d+1,d+2,---,m.

Proof: (Necessity) If the sample vector y belongs to Ry then ¢ > 0 fori =d+1,---,m.
Since in this case y) = y; using (10), we have y; > 0 for i = d+1,d+2,-- -, m. This proves

(ii). To prove (i), let us assume the contrary. It means y; > 0 for some i = 1,2, ---,d. Then
for that i, using (10), we get 37 > 0 which is contradictory to our assumption that the

5
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sample vector (y1,¥y2, "+, Ym) belongs to Ry;. Hence (i) is proved and so is the necessity
part of the theorem.

(Sufficiency) For this part, we have to show that (i) and (ii) imply that the sample vector
(y1,Y2,"*+,Ym) belongs to Ry,. It means that we need to show that ¢ > 0 for i =
d+1,---,mand y) =0 for i =1,2,---,d. (ii) and (10) together imply that y) = y; > 0
fori =d+1,---,m. Now, if y; < 0 in (i) for some i = 1,2, --,d, then using (10, u; > 0
for that i. It follows, then, from the fourth equation of (9) that y? = 0 for that 7. Also,
if y; = 0 for some 7 = 1,2,---,d then we get, from (10), that y{ = y; = 0 for that 4. In
any case, ) = 0 for i =1,2,---,d. This proves the sufficiency part of the theorem. Hence
Theorem 3 is proved. In light of Theorem 3 and (10), A* in (7) then reduces to

N n
M\ = ?ny. (12)

1EM

In the following theorem, we provide the distribution of A\* given by (12) under the null
hypothesis Hy given in (3).

Theorem 4: Under the null hypothesis Hy : §; = 0fori = 1,2,---,m, 2=l)\* =

m—d
n(nm—1)
(m—d)s?

ny has F' distribution with the numerator degrees of freedom (m — d) and
ieM

2
the denominator degrees of freedom (nm — 1) where s* = > )~ [ln al(’ki)Jrl - EL} with a =

k=1i=1
S mal?,/(n-m).

k=1:=1

Proof: Since In agill is normally distributed with mean 6; and variance o2, 3; has mean 6;

and variance o2 /n. Therefore, under the null hypothesis Hy, v/ny; has mean 0 and variance

o fori=d+1,---,m. Consequently, nZy?, under H,, is distributed as o2 - x2,_,; where
ieM

X2,_, represents chi-square distribution with (m — d) degrees of freedom.

n o m 2 n m
Now, under Hy, s* =Y > [ln Gl(',ki)ﬂ - a] , [wherea =) "> In aglizrl/(nm)] is distributed
k=1li=1 k=1i=1
as 02 - x2 | where x2 | represents chi-square distribution with (nm — 1) degrees of
freedom. Moreover, nny is distributed independently of s?> under H,. Therefore, under
ieM
Hy
nd yl/m—d

€M
~ F,_ _ 13
sz/nm 1 m—d,nm—1 ( )

in which F,,,_4 nm-1 represents F distribution with numerator degrees of freedom (m — d)
and denominator degrees of freedom (nm — 1). This, in turn, proves that %m—_’dlk* has F'
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distribution with the numerator degrees of freedom (m — d) and the denominator degrees
of freedom (nm — 1).

The above distribution of = \* can be used to test the hypothesis in (2). At significance

m—d
level «, one would reject Hy if

1
nm —N > B (14)

m —

where Fj is the corresponding critical value of F,_g4 nm—1 distribution, i.e, P[Fp—d, nm—1 >
Fy] = . In the next section, we provide an numerical example to illustrate the testing
method we proposed in this section.

4. Numerical Illustration

In order to illustrate the testing method developed in the paper, we present an artificial
data on the school selection example given by (Saaty, 1980) in this section. In an hypothet-
ical experiment, seven independent observations on each of the thirty pairs of six criteria
[Learning (L), Friends (F), School Life (S), Vocational Training (V), College Preparatiopn
(C) and Music Classes (M)] were collected from seven individuals of similar background.
The data are provided in Table 1. For example, the fifth observation on the pair (L,F) is
2.5 means that L is preferred 2.5 times F by the fifth individual.

These data were used by Basak (2011) and using the method provided in that article, the
rank order of the priorities of six criteria was established as 7, > ¢ > 7p = Ty = ™)y = 75
We wanted to check whether the methodology proposed in this article would support the
same ranking. In other words, we would like to test Hy : 7, = m¢ = 7p = my = Ty = 7s
vs H, : mp, > o > mp > my > my > wg with at least one strict inequality.

The test criterion %m—_’;)\* is computed to be 5.524. Recall that, Under Hy, ’;andl A® s

distributed as F,,,_4 nm-1 distribution. Here, (m —d) =4 and nm — 1 = 34. At 1%
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Table 1. Comparisons Data of six criteria with respect to overall
satisfaction with school; n = 7.

Observations
Pairs 1 2 3 4 5 6 7
(L,F) 4 3 2 1.5 2.5 4 3.5
(L,S) 3 2.5 2 3.2 2 2.5 3
(L,V) 1 1.5 0.5 1 0.5 2 1
(L,C) 3 2.5 4 3.5 3 2 2.5
(L,M) 4 3 3.5 3 4 3 3.5
(F.L) | 0.2 025 05 0.5 0.67 0.33 025
(F,9) 6 3.5 4 4.5 5 7 6.5
(F,V) 3 2.5 3 4 3.5 2 2.5
(F,C) | 0.2 025 033 02 017 0.2 0.25
(F,M) 1 1.5 1 2 1.5 0.5 2
(S,L) | 0.5 033 0.5 033 033 05 0.33
(S,F) | 0.2 025 033 0.2 0.17 017 0.17
(S,V) | 0.2 025 02 025 033 02 0.25
(5,C) |0.17 025 0.2 033 05 0.2 0.33
(SSM) | 0.2 025 033 025 025 0.2 0.33
(V,L) | 0.5 0.5 3 0.5 2 0.5 0.5
(V,F) | 05 033 05 02 025 05 0.33
(V,S) 4 3 4 4 3 4 3
(V,C) 1 0.5 2 0.5 1 1.5 2
(VM) 1033 05 05 033 05 1 0.5
(CL) | 0.5 033 025 033 05 033 05
(C,F) 4 3 2 4 5 5 3
(C,9) 5 3 5 2 3 4 3
(C,V) 1 2 0.5 3 0.5 05 0.33
(CM)| 3 2 25 3.5 3 2 3.5
(M,L) | 0.2 0.5 025 025 025 0.5 0.33
(M,F) 1 0.5 05 033 0.5 3 033
(M,S) 4 3 4 3 5 4 3
(M,V) | 4 3 2 4 3 1 3
(M,C) 1 0.33 0.33 0.5 025 033 05 025

significance level, the critical value is Fy = 3.927. Therefore, we reject Hy at 1% significance
level and hence the rank order of the priorities 77, > 7o > mp = 7y = m)y = g is supported
by the methodology proposed in this article too. One advantage of the methodology of this
article is that one does not need all of the above thirty pairwise comparisons data. Only
(L,C), (C,F), (F,V), (V,M) and (M,S) are sufficient to obtain from different individuals.
Therefore, one would only need the following Table 2.
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Table 2. Comparisons Data needed for the proposed testing method; n = 7.

Observations
Pairs 1 2 3 4 5 6 7
(L,C) 3 25 4 35 3 2 25
(C,F) 4 3 2 4 5 5 3
(F,V) 3 25 3 4 35 2 25
(VM) {033 05 05 033 05 1 05
(M,S) 4 3 4 3 5 4 3

Next, we would be testing Hy : mg =y =7y = np =7 =7 Vs Hy - g > mpp > w1y 2>
T > wo > 7w, with at least one strict inequality. We would then only need the following
Table 3.

Table 3. Comparisons Data needed for the proposed testing method; n = 7.

Observations

Pairs 1 2 3 4 5 6 7
(SSM) | 0.2 025 033 025 025 0.2 0.33
(M,V) | 4 3 2 4 3 1 3
(V,F) |05 033 05 02 025 05 0.33
(F,C) 1 0.2 025 033 02 017 0.2 0.25
(C,L) |05 033 025 033 0.5 0.33 0.5

The test criterion %m—__;)\* = n/sQZin in this case was computed to be 5.392. Here,
ieM

(m—d)=1and (nm — 1) = 34. At 1% significance level, the critical value is F = 7.444.

Therefore, we would not reject Hy at 1% significance level and hence the rank order of

the priorities mg > my > my > 7 > me > wp with at least one strict inequality is not

supported.

5. Concluding Remark

In the present article, we proposed a simple statistical method for testing rank ordering of
the priorities of the alternatives in the Analytic Hierarchy Process. It is found that this
proposed method is much simpler compared with the other methods but produces similar
conclusion.

REFERENCES
Aczel, J. and Saaty, T. L. (1983). Procedures for synthesizing ratio judgments. Journal of
Mathematical Psychology, 27, 93-102.

Bartholomew, D. J. (1959). A test of homogeneity for ordered alternatives. Biometrika,
46, 36-48.



Proceedings of the International Symposium on the Analytic Hierarchy Process 2013

Bartholomew, D. J. (1959). A test of homogeneity for ordered alternatives. II. Biometrika,
46, 328- 335.

Basak, I. (1990). Testing for the rank ordering of the priorities of the alternatives in Saaty’s
ratio-scale method. European Journal of Operational Research, 48, 148-152.

Basak, I. (2011). An alternate method of deriving priorities and related inferences for
group decision making in Analytic Hierarchy Process. Journal of Multi-Critetria Decision
Analysis, 18, 279-287.

Crawford, G. and Williams, C. (1985). A note on analysis of subjective judgment matrices.
Journal of Mathematical Psychology, 29, 387-405.

Dejong, P. (1984). A statistical approach to Saaty’s scaling method for priorities. Journal
of Mathematical Psychology, 28, 467-478.

Kudo, A. (1963). A multivariate analogue of the one-sided test. Biometrika, 50, 403-418.

Saaty, T. L. (1966). A scaling method for priorities in hierarchical structures. Journal of
Mathematical Psychology, 5, 234-281.

Saaty, T.L. (1980). The Analytic Hierarchy Process, McGraw-Hill.

Vargas, L.G. (1982). Reciprocal matrices with random coefficients. Mathematical Mod-
elling, 3, 69-81.

Zahedi, F. (1986). The Analytic Hierarchy Process - a survey of the method and its
applications. Interfaces, 16, 96-108.

10



	Untitled

