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ABSTRACT

One way to conduct group decision-making in AHPasking judgments from different experts. The
following step is the aggregation of these judgraehiowever, at first, it is important to note ifpexts
share common values. That is, if they work for sene company or department, for instance. In this
case, the aggregation of individual judgments (gldbas AlJ) by their geometrical mean seems to be
proper. If the experts came from different orgatixes, they may not act as unit: then, the indarais

the aggregation of individual priorities (AIP). Amding to the literature, to AIP, one may eitheteta
geometric mean or arithmetic mean of the resulpingrities. This work addresses the AIP of incontple
hierarchies. An incomplete hierarchy is a structuteen not all elements of a level connect to all
elements from the higher level. A hierarchy wittagariteria and sub-criteria and without altermes is

an example of incomplete hierarchy. A decision nhodgihout alternatives seems to be unusual.
Nevertheless, this kind of situation is very comman practice. There is a large number of AHP
applications with incomplete hierarchies, includipgoritization of customer needs, specification of
product requirements, identification of weights fprality service evaluation, to name a few. Thigkvo
shows that for incomplete hierarchies, the arititnatean must be used to AIP. That is, using the
geometric mean, the priorities for the lower leedments will sum different from the priority ofeth
higher element. A mathematical modeling of thisesbation is presented and illustrated with a simple
numeric example with two criteria and four subemid.
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1 Introduction

Analytic Hierarchy Process (AHP) is a multiple eria decision-making (MCDM) method, widely
applied by practitioners and researchers to pizerit An overview of its applications comprises
competitive benchmarkingjarket analysisproduct developmenandresource allocationto name a few
(Vaidya & Kumar, 2006). AHP basis is the “innatenfan ability to use information and experience to
estimate relative magnitudes through paired corepas’ (Saaty, 2006). The overall priorities of the
hierarchy elements are then calculated using AHRquture to help decision-makers to choose among
alternatives.

Several situations require gathering assessmeats & group of individuals to compose the final
prioritization. For instance, all scenarios thahare than one decision-maker (customers, usergrsxp
stakeholders, and others) is present require apgdegision method. Using AHP method, in order to
aggregate their opinions there are several possialgs, including: (1) aggregating the individual
judgments (AlJ) for each set of pairwise comparssimio an aggregate hierarchy; (2) synthesizindp eac
of the individual's hierarchies and aggregating tkeulting priorities (AIP — aggregating individual
priorities); and (3) aggregating the individual'srided priorities in each node in the hierarchyahy
case, the relative importance of the decision-neakeny either be assumed to be equal, or else
incorporated in the aggregation process (Formare&iviati, 1998). The two most common methods for
group decision are AlJ and AIP. In first one, agumnt matrix is constructed for the group using
geometric mean of all individual judgments and gloénd local priorities are calculated using thePAH
procedure. In AIP, local priorities of each indival are first calculated and group priorities aotamed
using geometric or arithmetic mean (Altuzagtaal, 2007).

Hierarchy plays an important role on AHP and it s defined by the application being studied. As
illustrated on Figure 2, “a hierarchy does not nieelde complete, that is, an element in a giveelldoes

not have to function as an attribute (or criterifor) all the elements in the level below” (Saat99Q).
When such structure occurs, a hierarchy is callecbmplete” and it “can be divided into sub hierdes
sharing only a common topmost element” (Saaty, 200file most AHP applications have complete
hierarchies (often a goal-criteria-alternative feamork), important exceptions, can be seen on skvera
situations, as product development, for instancengtostet al, 1994; Kwong & Bai, 2002; Aykroyd,
2008).

This work shows that for incomplete hierarchies, @inithmetic mean must be used to AIP. That isgusi
the geometric mean, the priorities for the loweeleelements will sum different from the priority the
higher element. We present a mathematical modelfnthis observation and illustrate with a simple
numeric example with two criteria and four subeani.
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Figure 1. Incomplete hierarchy with alternativestdbuting to a single criterion (Salgaét al, 2012).

2 Theoretical background

When several individuals provide judgments to Ad&pending if the group assumed to act together as a
unit, or as separated individuals, these judgmeats be directly aggregated (AlJ), or else, just the
aggregation of their resulting priorities (AIP) neakense. If the group shares common values and, goal
usually composing the same organization, AlJ by geemetric mean should be used, satisfying the
reciprocity principle, “implying a synergistic aggation of individual preferences in such a way the
group becomes a new ‘individual’ and behaves like"qForman & Peniwati, 1998). Otherwise, if the
group is a set of individuals, usually belongingdifierent organizations, with different agendasné

may take either a geometric mean or an arithmegiamof their resulting priorities”.

AHP has been used for many applications and situstio help decision-makers to choose and prieritiz
alternatives in a hierarchy of criteria or subari#t or sub-objectives or categories. These hibiescare
comprised of at least two levels, with alternatieesl a goal as their basic elements (bottom and top
levels, respectively), but usually, AHP applicadmave criteria and sub-criteria levels betweemthe
because it is an MCDM method. On applications wwithre than two levels, hierarchy can be a complete
or incomplete arrangement of elements.

A natural way to organize an AHP application ishnatcomplete hierarchy, as illustrated in FiguralR.
alternatives address against all criteria and sitbr@. This is very common to the overall prigdttion
in MCDM.
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Objectives:

Alternatives:

Figure 2. Complete hierarchy (Davies, 2001).

However, for some AHP applications, a complete anigry does not make sense. Rroduct
developmentfor instance, customer needs may be organizedlagfical groups, also known as called
“categories” (Kwong & Bai, 2002). Every group shib# formed by exclusive elements, also named as
“attributes”. This is a major case of incompleterhrchy, as the presented in Figure 3.

- /N A\ A\
Alternatives:
1 2 3 4 5 6 7 8 9

Figure 3. Hierarchy for a house selection (Dav2€€1)

The clustering procedure of incomplete hierarchiasids possible errors, once “comparisons of elésnen
in pairs requires that they be homogeneous or alitberespect to the common attribute” (Saaty, 3990
Several publications show this procedure: Chan & {®005) propose grouping customer needs by
Affinity Diagram or Cluster Analysis for product d&Eopment; Armacost & Hosseini (1994) use
hierarchical clustering to speed up decisions; Kgv&mBai (2002) use this type of hierarchy to priize
customer needs in an AHP-Fuzzy application; Schbllal. (2005) use incomplete hierarchy on an
optimal university selection problem; Bafiuls & Sahon (2008) use it to predict key areas in the
information technology industry; Salgaét al. (2012) adopts it to prioritize activities of a n@noduct
development model proposed for capital goods imguBtue to clustering (or, similarly, eliminatiorf o
non-applicable judgments), this type of hierarcleguires only nine pairwise judgments for the
incomplete hierarchy shown on Figure 2.

| Customer
Goa satisfaction
1 1 1 1 1 1
. Manufacture/ .
Categories Performances Assemble Appearance Time Cost Standards Safety
Attributes CR1 CR2 CR3 CR4 CRS CR6 CR7 CR8 CR9 CR10CR11 CR12 CR13 CR14 CR15 CR16

Figure 4. Incomplete hierarchy for customer neeisipzation (Kwong & Bai, 2002).
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3 Mathematical modeling

Let us consider that, for the prioritizationrafelements, one collect judgments frarexpert individuals.
For every individual it can be obtained a normalizector of individual prioritiesw = [w;], wherei

refers toi-th individual andj refers to thg-th element Since these vectors are normalized, tHey al
satisfied Equation 1.

dw =1 fori=1,2..n (1)

In AIP, one can obtain the final priority vectothar with the arithmetical meaa,= [a], (Equation 2) or
geometrical mearg = [g], (Equation 3).

a, == )
m
W

gj == (3)
m

The aggregation by either arithmetic or geometgamdo not violate the Pareto Principle. However, t
geometric mean was considered more consistent tivthmeaning of both judgments and priorities of
AHP (Forman & Peniwati, 1998). Recently, only tlygeegation by geometric mean was described to get
priorities from a crowd, combining judgments froeople with different perspectives (Saaty, 2012), Bu

it was also observed that, with geometric mean, pzorants of the final priority vector may not sum
equal to one, needing an additional normalization.

As a matter of fact, the final vector will only suequal to one in the rare case of unanimity. That i

Zgj =1 only if wy; =w, = ... =wy. In this caseg =g, forj =1, 2,..m.

i=1

Let us now consider the following very simple grodgcision-making example. Figure 5 presents an
incomplete hierarchy, with four attributes (Al, A3 and A4) grouped in two categories (C1 and C2).
The decision goal is to prioritize the attribut€kat is, to find out which is the most importaritibtite.
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[Al] [AZ] [AB] [A4]

Figure 5. Example hierarchy with four attributes.

Tables la to 1c and 2a to 2c present judgment ¢eatend priorities from two individuals: P1 and P2,
respectively.

Table 1a. Priorities for categories from P1.

C1l C2 Priority
C1 1 2 0.667
C2 Y2 1 0.33:
Table 1b. Priorities for attributes A1 and A2 fré.
Al A2 Priority
Al 1 2 0.667
A2 Y2 1 0.33:
Table 1c. Priorities for attributes A3 and A4 fréth.
A3 A4 Priority
A3 1 3 0.75(
A4 1/3 1 0.25(
Table 2a. Priorities for categories from P2.
C1 C2 Priority
C1 1 4 0.80(
C2 Y 1 0.20(¢
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Table 2b. Priorities for attributes A1 and A2 fréi8.

Al A2 Priority
Al 1 5 0.83¢
A2 1/5 1 0.167
Table 2c. Priorities for attributes A3 and A4 fr&f.
A3 A4 Priority
A3 1 1/2 0.33¢
A4 2 1 0.667

Table 2 presents the aggregate priorities for categ using geometric and arithmetic means.

Table 2. Aggregate priority for categories by arithic and geometric means.

Arithmetic mea Geometricmeat Normalized geometric me
C1 0.73: 0.73( 0.73¢
C2 0.267 0.25¢ 0.261
Sumn 1 0.98¢ 1

Table 3 presents the local and overall prioritydach attribute. It can be seen that, with ariticrmaean,
priorities for attributes are already normalizedd ahey sum equal to priorities of categories. Heoare
with the geometric mean priorities for attributesnsless than the priorities of categories. Priesitfor
Al and A2, for instance, sum 0.754 against 0.7 3%iofity for C1.

Table 3. Aggregate priority for attributes by anitstic and geometric means.

Arithmetic mea Geometric mee Normalized geometric me
Local Overal Local Overal Local Overal

Al 0.75( 0.55( 0.74¢ 0.54¢ 0.75¢ 0.57:

A2 0.25( 0.18: 0.23¢ 0.172 0.241 0.181

A3 0.54: 0.14¢ 0.50( 0.12¢ 0.551 0.13¢

A4 0.45¢ 0.122 0.40¢ 0.10¢ 0.44¢ 0.111

Sum 2 1 1.88¢ 0.95( 2 1

These results show that when aggregating individararities, geometric mean is not suitable to
represent the overall priority for incomplete hretdes. Three major problems became clear in this
example:

» Sum of attributes’ overall priorities is not eqt@lone;
e Sum of categories’ priorities is not equal to one;
» Sum of attributes’ overall priorities within a cgtey is not equal to the category’s priority.

In contrast, arithmetic mean gives normalized dViarad local priorities directly from calculatioma it
gives correct results for priorities. None of these problems occurs when using arithmetic mean.
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Normalizing geometric mean results after AIP doesgolve all three problems detected. So, problems
between overall and local priorities will be alwayssent in real-world applications when geometric
mean was used.

4 Conclusions

Mathematical modeling results showed in this pdpat only arithmetic mean aggregation of individual
priorities is suitable to be used when incomplegednchy is considered. This finding applies omlthis
described AHP scenario, where the incomplete hihgamakes geometric mean not suitable for AIP
because categories’ and sub-categories’ localipyriaggregation do not comply with both normalipati
and sum of child alternatives’ priorities. Normaliion is very easy to achieve but it still does salve
the geometric mean problem. This finding may nqiact on AHP applications with complete hierarchies
or AlJ group decision-making.

This paper helps decision-makers to properly agdgesgndividuals’ priorities, when considering an
incomplete AHP hierarchy, to avoid problems amoategory's and its attributes’ priorities. Several
practical applications fall into this special stioa, in particular, product development and sexngoality
assurance surveys. In product development, foramest, AHP is being widely used to prioritize
customers’ needs and customers’ requirements ase #ittributes are often grouped into functiondl an
logical clusters. In this case, surveys take pleaesidering a set of customers taken randomly from
product’'s audience, which meets the special st@inationdition: incomplete AHP hierarchy and group
decision comprising of separated individuals. Aevedd in this paper, using arithmetic mean to AIP in
this situation is the only way to achieve corraciugp decision prioritization.
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