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Abstract: When one employs the AHP to make decisions, it is important to idertify two kind of decision
problems. Oneis the multiple atitiibution decision making, the other is the multiple criteria decision making.
Two patterns of the AHP: WEIGHT DISTRIBUTION PATTERN AND WEIGHT REFERENCE
PATTERN should be applied In this paper;, the definitions and chamcteristics of the two decision pattems for
deriving the global priorities of dtematives are presented Spedfically, the REFERENCE SYSTEM for priority
is emphasized in a detailed disaission. According to the two decision pattems, the controversy of the ramk
revasal is reviewed

Introduction

It has been fourteen years since T. L. Saaty introduced the Analytic Hiemrchy Process{4], a usefil method for
measurement of intagible factors and decision making. Many of the AHP applicatiors, including recourse allocation,

altemative evaluation, economic plaming, conflict resolution andso on, have been explored around the wotld[7]. People
has a goodreason to believe that the AHP is an effective method to deal with decision making problems in a.complex
environment. On the other hand some crificisins, especially coneemning the rank reversal phenomeri6n of the AHP, have
been raised since 1982[1]. It is always tmue in the history of science"that 4 new idea needs to be _improved and
consummated after its intoduction. Through crifics and anticritics 2 sc1enuﬁc thecry will be devdoped to be more
periect. We believe that the AHP is such a case

The phenomenon of the rank reversal can be defined by the following statement:

RANK REVERSAL: When a set of alternatives in the lower level have been ranked sepaately on each of
several elemerits from the high level andtheir overll ranks with respect to the decision goal are derived, a new
alternative which is added to the col]ectlon will change the oldoverall ranking.

Dyer2] properly pointed out that the nature. of the rank reversal phenomerion rests thh the normalization process. The
questions raised were: is the rank of altematives by AHP a:bmary is the rank reversal phenomenon absadlutely flawless
andwill the phenomenon turn out to be an insuperable barder if the utility theary is not usedto rebmld the AHP?

In fact, for some decision problems the rank reversal is a reasonable phepomenon using the AHP to, derive the overll
pricrities for altematives. Forother decision problems the rank reversal can be avoided by adjusting the procedure of the
-AHP. When one makes decision using the AHP, it is necessary to differentizte between multiple attibute and criteria
decision making problems. Attributes are often refared to as differentiding aspects, properties or chamcteristics of an
altemnative while criteria are generally considered as valuable measures, dimensions or scales against which altematives
may be gauged in a valve or worth sense. In this paper, we present the basic idea of dividing the methodology of the
AHP into two patterns: distribution pattern and reference pattem according to multiple attribute and multiple criteria
decision making problems, respectively. Section I and III briefly explein definitions, chamcteristics, ceriving pricrities
of altematives and application ranges of the multiple attibution decision problem andmultiple criteria decision problem,
respectively. The procedures of deriving the ovemll pricrities by using the AHP for the multiple criteria decision
problem, i.e. the reference pattern of the AHP, are presented in detsls in Secfion IV. Then the rank reversal phenomenon

based on the concepts of the two patterns is discussed. The condusion for the questions mentioned abowe is provided in
Section VI
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To avoid a long andtedious exposition, assume that a simple| hierrchicd structure for a decision problem is employed
whidh includes three levds: the decision goal level, the attnbute or criterion level and an altemative levd. The result
intioduced by the simple structure can be switched to a more complex structure without any difficulty. The following
symbols will be usedthrough this paper:
C, : theith attabute or criterion, i =1, 2, ..., m
c; : the weight of the attdbute or criterion i with respect to the decision goal,
A, thejth altemative, j =1, 2, .
;- the weight of the altemnative j wuh respect to the attdbute or criterion i,
: the weight of the aiternativej with respect to the decision goal.

In addition, we assumne that reactrs are familiar with the basic principle and procedure of the AHP[5].

Multiple Attriibute Decision Making and the Distribution Pattern of the AHP

Suppose we are faced with the following decision problem:|promoting a college faculty from a 4-member group from
associate rank to full profssor rank according to his contribution to teaching and research while working in the group.
The problem can be stnucturedby the hiemrchy in Figure 1

In this tree structure the evaluation goal is broken into two attgbutes: teaching and research. Then the teaching and
research are broken into the contributions made by each of the four faculties, i.e. Ay, Ap, Az Ay Asp Az Ay A
Even though the tree structure can be simplified by the hxemrchy stncture as shown in Figwre 2, there are different
meanings of the altematives when we make the pairwise cor'npansons of the alternatives with respect to each attibute,
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After the weights of the two attdbutes have been determined, we can find the weights of each faculty with respect to the
attributes by diswibuting the weight of each attibute according to those relaive contributions by each faculty to the
attributes. Then the ovemll pricxdties of the faculty can be derived by the hiemrchy composition principle. Obviously, the
hiemrchy composition prirciple for this example appears to be the process in which the weights of the criteria are
distributed into the alternatives by their relaive contribution to theattiibutes, i.e. the weights of altematives are obtaned
by sharing the weights of attdbutes.

This is a simple example of a multiple attibute decision problem. The tree hierarchy structure can be usedto exprss the
decision problem. The element in the higher level is decomposed into the elements in lower levd. The "belong to”
relaionship exists between the elements of the higher and lower levd. The weights of the elements in higher levd are
distributed to the elements along the tree structure. The hiermrchy decomposition principle of the AHP is suitable for the
multiple attribute decision making problems. The pattern of the AHP is refered to as the distribution pattern.

To undastandthe disribution pattern of the AHP, the characteristics of the multiple attibute decision making problem
must be analyzed. First of all, ther exists an explicit inclusion relaionship between elements of higher andlowe levels.

“Thus, a tree structure is an inherent expression for stnxcturing these types of decision problems. The weight of an
element in the higher levd can be deternined without referencing the certain element in the lower leve, i. e. the
alternative does not affect detamining the weight of the attibute which the alternative belongs to. The weight of an
attribute is distributed over the alternatives which belong to the attibute according to their relative impartance with
respect to the attribute. The regular ratio scale and pairwise comparison should be usedto obtzn the normalized pricrities
of the altematives. The hietarchy decomposition principle properly expresses the process. of the weight distribution of
attriibution over altematives. The rank reversal phenomenon may occur when a new altemative is addsd becaise the new
alternative changes the distribution of the attribute weights over the alternatives. It should be a reasonable phenomenon
andmay be usefisl for multiple attibute decision making.

The regular procedure of the AHP should be usedin multiple attibute decision making. It includes the following points:

1. Stnucturing the decision problem by a tree or hiemrchy;
2. Making paiwvise comparisons of the elements in a lower levd with respect ‘to, their- reldive element in a
higher levd using. 1-9ratio scale. Entering the comparisons into a positive reciprocal matzx.
3. Calailating the nommlxzedexgmvector of the reciprocal matix which stands for the pricrity of the elements
in the lower levdl with respect to the element in the higher level.
4. Deriving the ovemll pricarity ofaltematives by the hierarchy decomposition principle.
We refared to the regular procedure of the AHP as the distibution pattem to distinguish from the reference patern of the
AHP.

- Multiple Criteria Decision Making
Let us consider another faculty example similar to the example-in‘ section IL Suppose that after campus intaviews we
needto select one of the four applicants to fill the faculty-position accarding to thelr teaching and research reputations.
Even though the hiemrchy stnicture in Figure 2 can-be used to expiess the decision problem, the meanings of the
elements of the structure are different. Here C; and C, are evaluation criteria of tedching and research for the applicants,
respectively. The four altematives stand for the comprehensive level of each applicant in teaching andresearch.

This is a typical example of a muluple criteria decision making problem. Note that there are several difrences between
multiple attiibute and multiple criteria‘decision making when the AHP is applied for these two types of problems.

The first difference is the decision stncture. In the structuring of.multiple attibute decision problems, the elements in a
lower Ievel do not belong to the element in a higher levd, i.e. there is no “induding" relaionship between the elements
in tower andhigher level. Therfore, theneestmcture is no longer an expression for thess CbClSlOn problems in general.

Secondly, to determine the weights of the criteria by painwise comparisons, one must refer to an altemative which is
relaive to the criteria as a standard. The reason foran altemative being usedas a standard is that the paitwise comparison
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without a reference standard does not have an explicit rneaning.| For example, how can one answer the question: "which
one criterion is more important with respect to the goal of ejva]uation of applicants, teaching or research? " without
keeping a reference standard in his mind We always use an altenative or other standards as a reference point for

_ansvering the question even though the reference poirt is not lexplicated. The choice of the reference, an alternative, for

example, may affect the derived weights of the criteria, beca:se the reference point is applied when we make pairwise
comparison to derive the weights of the criteria ]

Thirdly, the weight of an alternative with respect to a cntenoln is detamined by its relaive impatance to the reference
point of the criterion if pairwise comparisons are applied. The:efore, the ovemll pricrity of an altemative is obtaned by
transition of the weights of the criteria whidh the alternative are relative to. The overl] priaity of an altemative can not
be obtaned by the distribution process of the weights of the criteria In this case we can not use the hiemrchy
decamposition prirciple and the normalization of the weights of the altematives to derive the ovemll priaity of an
altemative.

Foutth, the phenomenon should not occur for the decision problems if the proper pattern of the AHP is usedto derive the
priaity. Note the determination of the derived weight of an altemanve is not relaive to other altematives. If the reference
poirt has been chosen, the weights of an alternative can be obtaned by making comparison between the altemnative and
the reference point with respect to the criterion even though the paiwise comparisons among alternative may give more
reasonable pricrity. In this case, adding a new alternative sholld not affect the rank of a set of oldaltematives.

The AHP, especially its 1-9 ratio scale and the procedure to denve priarty by paiiwise comparison, is still an effective
method for the multiple criteria decision problem. In the next section we will concentrate on the disazssion of the weight

reference pattern of the AHP which is a proper method to ]denve the pricrity for the multiple criteria decision making
problem. :

|

' The Weight Referenclle Pattern of the AHP

Accading to the feamres of the multiple criteria dec1510t|1 problems which are diffrent from the multiple attibute
decision problems, theregular AHP procedure should be a(ﬁusted by -the following points:
1. Choose an appopriate reference point to denv'e the weights of the criteria The reference point can be an
appropriate altenative, one scale from a set of standard scales or a point of a physical measurement system.

2. Instead of the nommalized weights of altemati?cs with respect to a critérion, we set up the weight of the
reference point as one.

|
3. It is not necessary to normalize the overll pri(l[rity of alternatives.

The weight reference pattern of the AHP has two diferent methods to derive the ovemll pricaities of the altemnatives
accarding to the chosen refaence point. They are
|
1. The reference alternative method, i

2. The reference point method. Jl

The detdls of the procedures of the two methods above are provided below.

The procedure of the reference alternative metlimd
The reference altenative method chooses an alternative asja reference point to determine the weights of the criteria. This
method is suitable for the decision problems which meet the following condtions:

~—there exists at least one alternative whidh is relaed to all criteria, so that the altemnative can be chosen as a

reference point for all criteria; i 329




~the number of criteria is less than 9, i.e. ther is only an acceptable number of pairwise comparisons to derive
the weights of the criteria.

If the above condtions are not met, other methods must be considered.

The procedure of the reference altemative method involves the following steps:

1. Choose an alternative which is dominated by all criteria. Redefine the criteria based
on the alternative which was assigned as the reference point.

Principally, any alternative that is relaive to all criteria can be chosen as a reference alternative In practice, we always
chocse the altemative which has more significant sense as a reference point becaise it will make the pairwise comparison
easier. It is not necessary to choose the "most important" or the "most prefrable” altemative as a reference point. In fact,
sometimes no altenativeexists there which is dominant over all of the other altamatives against all of the criteria. Even
though the altenative exists, it can be identified only when the pairwise comparisons are proessed and the weight of
altematives against every criterion are derived. Therfore, it may be required to choose the altenative with maximum
weight as a reference point. The analysis can also be applied to the altemative with minimum weight.

2. After adjusting the definition of the criteria, make pairwise comparisons of the
criteria with respect to the goal and derive the weights of the criteria by the eigenvector
method. The weights should be normalized

The normalization of the weights of the criteria is refared to as the standard process which makes the ovemll weight of
the reference altemnative unique, It is diferent from the normalization in distibution pattern of the AHP.

3. Make pairnvise comparisons of altermatives with respect to each criterion and derive
the priorities of the alternatives by the eigenvector method. Instead of the normalization
procedure, always assign 1 to the weight value of the reference alternative.

1t is very impartant to notethat the weight valve of the refeence altemativeis assigned to 1 becaise the criteria has been
defined based on the altenative which was assigned as the reference poirt. In fact, the weight of the reference alternativeis
given priar to the pairwise comparisons of criteria andaltematives.

4. Calculate the ovemll priorities of altermatives with respect to the goal by the
following formulation:

m -
W;=X CW;;
=1

Note that the value of the overll weight of the reference altemativeis always equal to 1, i. e e; = 1 andthe sum of
overll weights of all the altematives is greater than 1. It is not necessary to narmalize the overall weights even though it
may be required for some applications. The normalizd overall weights of altenatives have a different meaning from the
normalized weights by the distdbution pattemn of the AHP.

The reference point method

If the reference altemative which meets the two condtions mentioned above can not be found, one should apply the
reference point method. The reference point method uses a fixed scale or value of criterion as the reference point to derive
weights of criteria instead of an altemative as the reference point. Hereis the procedure of the reference point method.
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1. Choose an appropriate scale or value of| each criterion as the reference point according
to alternatives. -

The choice of a scale or value as the reference point should majtdz the range of measurement of the alternative under each
criterion. For example, $10,000 could be chosen as a refaence point of the criterion of cost for a car evaluation, 70
degrees can be chosen as a reference point of the criterion of weather for the evaluation of a living environment,

2. Derive the normalized weights of criteria by pairwise comparison and eigenvector
process. |l

‘When the paitwise comparisons are made by decision maka’suudgments, it is important to keep the meanings of criteria
accarding to the reference points in mind i

3. Divide the range of measurement of [each criterion into several scale values which
must include the reference point. Derivelthe weights of the scales with respect to each
criterion by pairwise comparisons and the eigenvector process. The weights of the
reference point against each criterion are always 1.

Dividing scale valtes of each criterion can be based on an' objective physical measurement or a subjective standard

measurement. It should avoid an excess of the number of scale values over ninein orde to make an acceptable pumber of

pairwise comparisons. This step is necessary because the value of the altemative in question is based on the subjective

stancard or the objective physical measurement and does not always match the weight value with respect to the criterion

in the meanings of theratio scale or cardnal scale. Therfore, step 3, in fact is the resale process of the measurement of
~altamatives. '
l

4. According to the scales of a criterion|in step 3 and the measurement of an alternative,
assign a weight to the alternative with respect to the criterion. Derive the ovemll weight
of each alternative.

Sometimes the valve of the physical measurement of an altenativeon 2 criterion is between two adjoining scales. The
weight of the altemative may be assigned to the value WhICh is most closed scale to the value of the altemative or can
calailatedsimply by the procedure of the linear inserting valee.

The incensistency of the pairwise comparisons jand adjustment of weights of criteria

The weights of criteria depend on the choice of a reference point If the judgment matrices of the paitwise compazisons of
alternatives with respect to every criterion are perfectly consstent the relaive overmll pricities (the nomalized weights)
of thealternatives will be the same even though the wexghts of criteria may be different under different reference points.
Otherwise, if inconsistent matzices exist there, therelaivejoverll pricrities of altematives will be diferent under difierent
reference points. When the reference pattern is applied, theeffect of the inconsistency of the pairwise comparisons on the
decision is more serious than if the distribution pattem [is applied. In the case that higher inconsistency occurs, an
adjusting procedure should be usedto derive reasonable weights of criteria. Another article by the anthor has an elaborated
exploration on the topic.

.An example of the reference pattern of the AHP

Below is illustrated how the reference pattern is applied in the faculty hiring example in section IIl. We dencte the four
applicants by A;, A, A; andA,, respectively. Supposé that A, has been chosen as the reference altenative To weight
the criteria by making pairwise comparisons of criteriaj we answer the question: with respect to the evaluation goal,
which oneis moreimportant, A 4's teaching or research, andto what degree? Assuming the following matix is given:
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1 3 5 4

. 1/3 1 2 3
1/5 172 1 172
/4 1/3 2 1

1 2
172 1

From the matiix, the weights of 0.67 for teaching and 0.33 for research can be derived With respect to the criterion of
teaching, the comparisons of alternatives is madeas the following matdix:

The weights of four applicants against the criterion of teaching can be computed as (1.000, 0.443, 0.172, 0,237).
With respect to thecriterion of research, the comperisons of altematives is given as the following matix:

1 1/3 147 1/5
3 1 1/3 172
7 3 1 2
5 2 172 1

The weights of four applicants against the criterion of research can be computed as (1.000, 2.700, 8.183, 4.800).
Therefore, the overall rankings of the four applicants with respect to the goal are (1.000, 1.195, 2.840, 1.756). Thus, the
best applicants is A,.

Rank Reversal and two Patterns of the AHP

The phenomenon of rank reversal is the most controversial aspect of the AHP. Some anthors subjectively assert that the

pheromenon of rank reversal is a flaw of the AHP andthe rankings provided by the AHP are arbitrary. We disagree with
them.

Let us take 2 moment to look at the first example of rank reversal by Belton and Geafl]. In their example, three

alternatives A, A; and A, are compared against three criteria C,, C,, and C,. The weights of the thres altenatives are
given as

criteria
altemnatives C, C, G,
A 1 9 8
A, 9 1 9
Ay 1 1 1

Assuming equd weights on the criteria, the overll pricrities of the three altematives are given as w, = 0.45, w, = 0.475
andw; =0.075. Then they adda fourth altemative, which is an exact copy of altenative B, i.e. the weights of the four
alternatives are given as
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criteria
alternatives C, C, C,
Ay 1 9 8
A, 9 1 9
Ay 1 1 1
A, 9 1 9

The ovenl] priarities of the four altematives by Belton andGeIar are given as w; =.37, w, =.29, w; = .06 and w, = .29.

Then they asserted that in the example the rank reversal pheno‘menon is inherent in the AHP becaise the computational
scheme is funcamentally flawed.

In fact the example by Belton and Gear is utterly nonsense be]ca.lse they didnot point out what type of decision problem
~it is. If the example is an attribute decision problem, for example, say we want to decide who should be promoted to a
higher rank position in a thres faculty group according to thexr working shares of teaching, research and social activity,
the ovenll priarity score for each of them are 0.45, 0.474 andO 075, respectively. If one faculty is added to the group,
the overll scor for each of these four faculties are 0.37, 0. 29 0.06 and 0.29, respectively. Of cousse, the rank of the

previous three should be reversed because the parts of the bttibute weights they share are difrent from those they
previously shared. ]I

Therefore, our condusion is that the rank reversal phenomenlon for multiple attibute decision problems are absolutely
reasonable when the AHP is applied.

On theother hand if the example is a multiple criteria dec:smn problem, like buying a car or admission process, the
reference pattern of the AHP should be applied for the example The ovenll priority score for each of the four alternatives
are given as 0.45, 0.475, 0.75 and 0.475 or as normahzed pricrities 0.305, 0.322, 0.051 and 0.322, respectively. No

rank reversal occurs here The phenomenon of rank reversal will not occur for the multiple criteria decision problems if
the reference pattem of the AHP is applied. ‘

Dyer (1990) provided another example of rank reversal whid[i is shown below:

Criteria
altematives C, C, C, C,
Ay 1 9 1 3
A, 9 1 9 1
X A, 8 1 4 5
A, 4 1 g8l s

i
Assuming that the four criteria are judged to be equdly important, the rankings determined by the AHP for the first three
altemnatives are 0.320, 0.336 and 0.344, and for the four|altematives are 0.264, 0.243, 0.246 and 0.246, Tespectively.
The alternatives A, andA, havereversed rankings. |

In this example, the results of the alternative rankings are fobtained by assuming a multiple attibute decision problem.
The rankings are derived by the distribution pattemn of jthe AHP. Rank reversal in this sitvation is a reasonable
phenomenon. If the multiple criteria decision problem isjassumed and the reference pattern of the AHP is applied, the
rankings of the four alternatives should be 0.200, 0.286, 0.257 and0.257. There is no rank reversal occurring.

Now one may raise a question: which ranking in these exampl& is comect? The answer is that the correct ranking depend
on theclassification of what the decision problem is. In any case the detemined rankings would be obtaned by the AHP.
It is for no reason whatsoever that the rankings by the AHP are arbitrary.

Concdusion

Thereasons why the AHP is creaed, developed and apphed in many application fields are that the AHP can be .used to
deal with a lot of complex and intangible decision factors, it can be used to make decisions by the judgments of the
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decision maker. The AHP is a reasonable and effective method for measurement and decision making, especially when
intangible factors are involved The® are two types of multiple objective decision makings. One is multiple attribute
decision making and the other is multiple criteria decision making. One applies the AHP to make decisions, it is
important to identify the two types of decision makings and to use the appropriate pattern of the AHP: the distribution
pattern andreference pattern in order to obtan a proper result. These two patterns remain the prirciple of the AHP which
includes hiemrchy decomposition, 1-9 ratio scale, paimwise comparison and eigenvector procedure to derive the pricrity.
When the reference pattern is used the normalization process in the hiemrchicd composition should be eliminated The
phemomenon of rank reversal will not occur by using the reference pattern. When the distribution pattern is applied,
phenomenon which reprsents a change of the distribution of weights of elements in high levd to elements in low levd,
is natural andreasonable. Forboth patterns, the derived ranking is determinate.
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