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ABSTRACT

How to use fuzzy informationin hierarchical analygis is to be discussed in
this paper.. We use R-fuzzy sets instead of exact ratio. In order to reduce
the calculation, the new concepts and operators are defined. We can see
that the multiple expert's judges can be summarized in the R-fuzzy sets,

and also it can reduce the calculation process. A.numerical example is given
and the summary which compairs with previous research -is also made in the
paper.

I. Introduction

Analytical Hierarchy Process {AHP) is growing into a big family since T.L.
Saaty first published his paper and its various offsprings are bearing
attractive results of applications, especially in decision making. However,
there are many evaluations which could not be expressed in numerlcal measu-
res but only in human natural language such as “important®, "more important”
etc. Such evaluations are difficult to be summarized in numerlcal values
needed in AHP. However, they can be summarized in the form of fuzzy sets

or fuzzy numbers. In order to make AHP suitable to these cases, a new method
of AHP with fuzzy information is presented in this paper, i.e. fuzzy analy-
lical hierarchical process. The main idea of fuzzy AHP is using fuzzy sets
to express expert's evaluvationof merits and to form the fuzzy matrix instesd
of numerical matrix in AHP. The results can be obtained through the operation
“of fuzzy operator according to fuzzy set theory and also the results are
expressed in the form of fuzzy sets. In order to summarize the multiple :
expert's evaluations in.uzzy AHP, we give a new method in this papet which
can reduce the calculation in hierarchy.

There are six sections in the paper:

I. Introduction.

II. Fuzzy concepts and definitions, introducing some fuzzy concepts which
appear in fuzzy AHP and their definitions.

III. The fundamentals of fuzzy AHP. The main idea and mathematical funda-
mentals of fuzzy AHP are given.

IV.Multiple experts. Introduce a new method to summarize expert's evalu-
ations in a form of R-fuzzy sets.

V. Application. An example of power plant sitting is given.

VI. Conclusion. Give out the defferences between our method and previous
ones.

1r. Fuzzy concepts and definitions

-

In order to discuss our problem, we give the following concepts and their
definitions. ; . »
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S

Definition 1. Let universe R be a real field, then the fuzzy set A on R is
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called R-fuzzy set. The collection of all fuzzy sets on R is denoted by
F(R), then A€ F(R).

Definition 2. Let A, BE&F(R) and
for #A(x)= AMaly) where x

A (x)
A= I x accordinrg to y only one to one.
- A ly)
= B
3- J 2 x,y€Rr, amel0,1]

the 2«B { » stands for either one of these operators +,-,x )} defined as
L d

. J ”A(X)A ,uB(Y)

AR T xey
M, (x)
Al o j A _
X
Al/n_ S,“A(X)
B x1/n

Definition 3. Let U,V be two universes and define
M : UxV = F(R)-
as R-fuzzy relation between U and V, or R-fuzzy matrix expressed as

LN RURSEE TR

Definition 4. Let D E and G be fuzzy metrices, the operator x (+,-} is
defined as follows

DsE = (d..) . x(e. )

~1l] mXn ~17] mXn-

= (sij*sij)mxn

- (313 mxn('-f'lj)mxl

u

=( kz=1~1k-kj Yux1
Definition 5. Let x),%,,..., ¥, € F(R)
X = (3\‘—1'52"”'5n)

is defined as R~fuzzy vector. *

Definition 6.Let R is R-fuzzy matrix, x be R-fuzzy vector, if there exists
a A€ F(R) such that

=A-x

MN ~

holds, then A is called the eigenvalue of R and the R-fuzzy vector is called
the eigenvector for 4 ~

III. The fundamentals of fuzzy AHP

Let the goal be B, and the alternative set be A
A= (alra2' ---lan)
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there is a R~fuzzy set

A= _—, A (a. )€ F(R)
~ i;( ai Al
(o] Let the criterion set -

p={p.Py....0}
where pi' (Pil‘PiZ""'Pik)' i=1,2,...,m, then, we have R-fuzzy matrices

ﬁBplz Plxpl_; F{R)

Mo, = Wijli e, - B3¢ FR)
1 1"
.’?p.P. 1’ Pj41%Py4) —> F(R)
) M (@ ) . .€F(R), i=1,2,...,m
~P1P1+1 Il3:.;1 k lxkrl»l ~ij

¥p a* AXA L F(R)
m

(o) meA ~1])k ko g5 € F(R)
Their largest fuzzy eigenvalue is
Jl . A i =
~ BPp P.P. {i=1,2,....,m), é P A

) IS o 5 B
respectively, and the corresponding eigenvectors are

(i=1,2,...,m), X
.’fapl 2 A “B.A

Then the result of the ordering the alternatives is
2 . X = (4“ (a ):00-1'4“_(a ))
~PA Pmlm ~P2P1 Al A n
We can prove that the AHP is a special case of fuzzy AHP.

IV. Multiple experts

In fact, we need multiple experts to rank the alternatives in the AHP.
Suppose that the n expert's evaluations are

Ej, EyrenosBp
where -
, = [, B;) o B.€R, i=1,2,.

Then, the accumulatzonof these evaluatzons can form a distribution as shown
in Fig. 1 which can be expressed as follows

/
X (u) = f.' x ué€R
: [d lﬁl
where 1 if orsusg
b {u) = { 1 i
[ Pi) 0 otherwise
B Therefore, the n expert's evaluations can be expressed in a R-fuzzy set.

31t




Fig. 1

V. Application

There is a power plant sitting problem, the structure of AHP is

Goal A |pover plant sitting]
Railway | Yater jLan
Criteria siding supply {use
B Bl B2 B3
Alterna- Near coal Near the cenj Near the
tives mine ter of load river
Y cl c2 c3
Let
1=0.5/0.9 + 1/1 + 0.5/1.1
2=0.5/1,9 + 1/2 + 0.5/2.1
3 =0.5/2.9 + 1/3 + 0.5/3.1
4= 0.5/3.9 + 1/4 + 0.5/4.1
5 =0.5/4.9 + 1/5 + 0.5/5.1
6 = 0.5/5.9 + 1/6 + 0.5/6.1
L=0.5/6.9 +1/7 + 0.5/7.1
We have the R-fuzzy matrices
A-B A Bl B2 B3 Bl-C ¢l c2 a3
w B L 2 4 ° a Ly 1 3
B2 12 1 4 €2 Y7 L 2
B3 1/4 14 1 ¢ 5 2 1
-~ ‘Vz'; / -~ ~
B2-C B2 cl c2 c3 B3-C ¢l ¢2 a3
[ S WS V7 V| a1 L 5
2 4 1 2 2 L L 5
c3 3 ILZ 1 C3 1/5 ILS 1
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After obtammg the fuzzy eigenvalues for each R-fuzzy matrix, we have
the fuzzy eigenvector as

T
W=(¥,, U 2 )
where ~A <Al ¥
0.5 1 0.5
vAl 0.5448 0.5494 0.5497 s
. ) e
The result 1s _ 0.5 N 1 . 0.5
LA 0.4965 ~ 0.496% ~ 0.5034 - ;
0.5 1 + 0.5
¥.o° 0.2883 ¥ 072516 T 0.2949
W .= 0.5 ° Ly + 0.5 ¢
He3®™ 6.2078 * 572108 * 0.2136

We can see that the best alternative is C3. See Fig 2.
“ .
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VI. Conclusion

In this paper, we have presented a concrete application of R-fuzzy set
theory to an analytical hierarchical process. In the previous research,
van Learhoven and Pedrycz (3) extend Saaty's hierarchical analysis to
fuzzy AHP by using fuzzy numbers which are only the triangular fuzzy
numbers. J. J. Buckley's method (4) is to substitute the fuzzy ratio into
the solution of normal eguations. He summarized the judgements of the
experts by using geometric means. In.our. method, R-fuzzy set was used
instead of fuzzy number. In fact, fuzzy number is a kind of R-fuzzy set
while we define some simple operators on R-fuzzy set, so that the calcu-
lation can be done simply. The more important fact is that the expert's
evaluations can be formed in a R-fuzzy set, it also can reduce the calcu-
lation process. Therefore, it-can be easily used in practice. Lastly, we
can see that our method is an extension of AHP.
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