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Abstract

In Analytic Hierarchy Process, the judgment on a pair of treatments or objects may affect the
judgment on other pair of treatments especially when these two pairs have a treatment in common.
This dependence could be established by using a model developed by Bahadur [1]. In this model, we
test the presence of order effect of presentation within a pair of objects. Any two pairs of alternatives
are tested for the correlation between them. It is also tested whether a certain number of pairs have
the same degree of correlations. Priority vector, defined in terms of the order effect parameters, is
estimated and the hypothesis of equal priority of objects is tested.

Keywords: correlation, dependence, iterative scheme, order effect, priority vector.

1 Introduction

Most of the time judgment on a pair of treatments or objects affect the judgments on other pairs of
treatments, especially when these pairs have a treatment in common. Not much work has been done in
this area, which recognizes the dependence of the judgments on these pairs of treatments. De Jong [7]
estimates the priority vector by the log least squares method, which incorporates this type of dependence.
But the model used by him does not accommodate the order effects or correlation aspects.

We use a model developed by Bahadur [1] to establish the dependence of judgments between pairs of
treatments. Several authors have previously studied within-pair effect (see [2], [3], [4]), and multivariate
comparison experiments (see [5], [6]). In fact, Davidson and Bradley [5] used the model of Bahadur [1]
to allow the dependence of judgments among several criteria. There they assumed that the judgments on
the pairs of alternatives are independent, while those on several criteria for a fixed pair are dependent. In
that paper, an iterative scheme has been given to estimate the priority weights. However, its convergence
to the maximum likelihood estimates is not shown. We feel that it is more worthwhile to recognize the
dependence of the judgments on the different pairs involving a common alternative.

In section 2, we develop the model involving the parameters of order effect of presentations and correlations
between the judgments. Order effects are estimated by the maximum likelihood procedure. We give an
iterative scheme for the solution of the likelihood equations. It is also shown that the proposed iterative
scheme converges to the maximum likelihood estimates. Section 3 deals with the likelihood ratio test
criterion to test whether the order of presentation of the objects to judges plays a significant role. The
important issue of correlation of judgments between different pairs is addressed in section 4. In section
5, the priority vector of the objects is estimated and the equality of these weights is also tested in that
section.



2 The Model

Let 01,04, --,0,, be m objects which are to be compared pairwise with respect to certain qualitative
characteristic by n judges. Consider the vector X = (X12, X13, X14, - -, Xm—1,m, X21, X351, - s Xm,m—1)’;
where,

Y. 1 w.p. 0;; if the first item in (O;, O;) is preferred,
Y1 0 w.p. ¢i; =1 —0;; if the first item in (O;, O;) is not preferred.

Set X 9
Zy =4 (2.1)
Vbij®ij
and define the correlation coefficient between Z;; and Zy,
pijk = E(ZijZn) (2.2)
Then, the probability density function of X is given by
p(x) = P(X = x) = p1(x) h(x), (2.3)
where,
peo = oo™
i#]
h(z) = 1+ Z u(ij, kl) pijk1 Zij Zya,
ij<kl
with
1 if (i=k or i=l) or (j=k or j=1),
w(ij, kl) =

0 otherwise.

Here, ¢j < kl means that the position of X;; is before the position of Xj; in the vector X. In general,
the above p(x) need not be a probability density function. Bahadur [1] gives a necessary and sufficient
condition for p(x) to be a probability density function. In fact, Bahadur showed that if

2 0ij i
Amin = 1 — =——, wheref3;; = m x{ J ]}
Zﬂij ! ¢’L] ij

where Aip, is the smallest eigenvalue of the correlation matrix R = ((p;;,x1)), then it defines a probability
density function. We assume that (2.3) is a probability density function. Small values of p;; xs in absolute
values would make (2.3) a probability density function. Observe that,

§(Xij,1)/2 3(Xk1,1)/2
ZijZkl = (S(Xija Xkl) (‘g”) ((gkl) (24)
i ki

where, §(.,.) = %1, sign being positive if the arguments agree and negative otherwise.

Denote the elements of the vector X and corresponding 6 and ¢ by Y;,0; and ¢; respectively ; i =
1,2,--+, M, where, M = m(m — 1). In the light of these notations, equations (2.1), (2.2), and 2.4 reduce
respectively to



Z; =

pij = E(ZiZ;),
L 5(Yi1)/2 1)/2
22, = sy (& % :
0; 0,

Then (2.3) can be written in terms of Y = (Y7, Ya,---,Yas) as follows.

p(y) = P(Y =y) = pi(y) h(y), (2.5)
where,
M
my) = J]o0Ve ™,
i=1
h(y) = 1+ Zu(i,j) pij Zi Zj.
i<j
Each response consists of a vector of preferences y = (y1,y2,- -, ynr)’, where component y; indicates which

treatment in the ith pair is preferred, y; = 0,1;4 = 1,2,---, M. Now let n(y) be the number of times the
preference vector y occurs among the n responses. The logarithm of the likelihood function is then given
by

logL = Z )log p(y

where p(y) is defined in (2.5) or equivalently,

M
logL = Z [silog8; + (n — s;)log(1 —6;)] + Zn(y) log h(y), (2.6)
i=1 y
s; = Yn(y)yi, i =1,2,---, M and the second sum being over all the possible 2M values of y representing

the preference responses. Taking derivative of (2.6) with respect to p;; ; ¢ < j (with w(i,j) = 1), i,j =
1,2,---, M, and with respect to §; ; i =1,2,---, M, we obtain respectively,

Odlog L Z n(y) 8h(-y-)7

apij y Y) ang
dlogL  s; mn-— n(y) 0O
20, o Z oh(y) 06,

where,

Oh(y o b O(yi,1)/2 oy o(y;,1)/2 .
() = U(%J)a(yuyg) (9) eij 7221a2aaM7
i J

Oh(y) 1 (@)“%

- &; 3(y;,1)/2
00; 20;¢; ’

i 150051y
1 J

J#i



The maximum likelihood estimates r = {r;;;4,j = 1,2,---, M} of the correlation parameters p = {p;j;i,j =
1,2,---,M} and g = {¢;;i = 1,2,---, M} of the preference probabilities § = {6;,i = 1,2,---, M} are ob-
tained by solving the following set of likelihood equations (with u(i,j) = 1):

Olog L
o8 — 0:4,j=1,2,---, M, (2.7)
0Pij | pmrio=g
log L
5;5 — 0i=1,2,---, M. (2.8)
i lp=rb=q

In the special case of two treatments (m = 2), the likelihood equations (2.7) and (2.8) can be solved
explicitly to give

o = =12,
n

n(0,0)n(1,1) — n(0,1)n(1,0)
Vs1s2(n — s1)(n — s2) .

For m > 2, explicit solutions are not possible and equations are solved iteratively for the maximum
likelihood estimates. We propose the following iterative scheme to obtain solutions to the set of likelihood
equations (2.7) and (2.8). The iterations are indexed by k,k = 1,2, -, since one revised value of each
g; and 7; is obtained for each value of k. Successive values of ¢ will be subindexed by ¢ with only one g;
being revised for each value of t. Details for kth iteration follow in two parts.

(I) A new estimate g of 8 is generated cyclically through change of one element of 6 at a time. The

(t + 1)st stage value ¢“*tY is obtained from the tth Stage value through replacement of the element q(t)

only for which t = (k — 1)M +i— 1,t = (k — 1)M, -t = kM — 1. Let
D 5(y;,1)/2
“w uli; ) 0(y;, 1) rij (]) ,
e q;
B: = Z& __ZW(M>5(y¢,1)/2
i y h y 0q; ” Qh(y) pigi \a

The iterative equation is defined for the two cases as follows.

Case 1: B; <0.

I
—~
<
~—

(=%
—~
&

-1

i 1) ¢i(n — Bipi
g 1+Z4/q(n . p) | (2.9)

where, the right hand side values are tth stage values.

Case 2: B; > 0. .
(t+1) ng; B

14+ =g/ —2— | 2.10

|: qi s; + Bipig; :| ( )

where, the right hand side values are t-th stage values.

(IT) The system of equations 8(;‘;iL ‘k =0;1<j,i=1,2,---, M is solved by the IMSL routine ZXMWD,

subject to the condition that the function h(y) be kept positive to give 7(*) with each ri; € [-1,1]. Then
o logL

7-]

(k) represents the solution to the system of equations for iteration k. Note that is always negative

indicating that the likelihood is a convex function of r;;.



Here, 85‘:;?; denotes the value 881‘;# obtained when ¢(*%) is substituted for g. The initial estimate
i |k ij

ql(o) is obtained from marginal frequencies s;,i =1,2,---, M.

We will now show that the solutions from the iterative schemes (2.9) and (2.10) converge to the
maximum likelihood estimates.

Case I. B; < 0.
In this case, we can shown that %gBi is an increasing function of §; (proved in Appendix- Lemma 2).
Now, '
Olog L ﬂl [93’51 no} B,ﬂﬂ
09; |, 0 Lo} &) &

B 62‘[@5 ¢<@Bz)]t

1 NG IING
GG () () e

. . . . . . . t+1 t .
and since % is an increasing function of 6;, ag’eg_L‘ is of same sign as Af; = 91( ) _ 91( ), Again,
i i

ot (n 03sifot \"TY ot
G @
t+1 92 i n Bz(bz (bz
_ o (n Bi> [( 635,/ 9! )“*” B < 035,/ 9! )(“1
bi n— Bioi n— B;o;

from (2.9), which has the same sign as A#; since

02si/oi 51/ 97
n—Bi¢; (ne? — B;¢}) /0%

can be seen to be an increasing function of 6;.

dlog L
00;

BlogL

Now, Olog L jg monotonically decreaslng (proved in Appendix-Lemma 1) in 6; so that has same sign

96,
for all values of §; between 92- and 9?“ Thus the change in the likelihood AlogL = A9 alogL >0

with equality iff Af; = 0, where, BgngiL‘ denotes agngiL at 91@) + eJ;Af; for 0 < ¢ < 1 and J; being
the vector whose ith element is 1 and all the other elements are equal to 0. Therefore, it is proved that
likelihood is increased at every step of the iterative scheme if and only if the corresponding parameter

value is changed.

Case II. B; > 0.

03B,

In this case, it is shown that = * is an increasing function of 6; (proved in Appendix-Lemma 3). Now,

Olog L qi’ {Hfsi no} Bﬂﬂ
99 |, o7 Lot o @} ]l
ng} [1 (03, Bib} AN
- Gew) (@)
4

3 (t+1) o (t)
- ”0?2 K&) <¢4> ],from (2.10),



which has the same sign as that of Af; = 95”1) - 01@ since 6;/¢; is an increasing function of 6;. Next,

¢? (Gfsi . Bi9f>(t+1) (9;;)(t+1)
= —_— —nNn —_—
41 L AN o}
¢3 0351’ BL94 (t+1) 6351’ 3194 ®)
:0?(¢;*+¢%> _<¢f+¢?)

. . . 03s; B;6% . . . . . .
which has the same sign as Af; since ¢i + 57~ 1s an increasing function of #;. Again, since 6

Olog L
09,

)

OlogL .
i o0 18

monotone decreasing in ; so the result follows as in the case L.

3 Testing Order Effects

It is important to test whether the probability of choosing object O; in the ordered pair (O;, O;) is same as
the probability of choosing O; in the ordered pair (O,, O;) for all (O;, O;) or not. Thus, the null hypothesis
of interest could be formulated as follows.

Hj 05 =1—0; Vi, jyi # j,
(or, equivalently 6; =1 — 04,5 =1,2,---, K, where, K = m(m — 1)/2).

Under Hg, p(y) in (2.5) reduces to
po(y) = po1(¥)ho(y),

where,

K
Tyi—yx+i) | (1—yi i
po1(y) = Hez( T )Q%(' vy,
i=1

Under H{, the log-likelihood function Lo;(y) is then given by

K

S+ 50— sices) logi + (n — 55+ scs) log(1— 6) + 3 n(y) log hd(y).
i=1 -
where,
i g (v, 5(y;,
hi(y) = 1+ uli,g) 8(ys ;) wi@eD 2 gl
i<y
¢;/0; if 1=1,2--- K,
Y =

0;/¢; if i=K+1,K+2,---,M;j=i-K.

The maximum likelihood estimates r;; of p;;;¢ < j;4,5 = 1,2,---, M and ¢; of 6;;% = 1,2,---, K, under
the null hypothesis H} are obtained by solving the following equations.

n(y) Oh}(y) o .
=0;4,7=1,2,---, M,i < j, 3.1
%:h(l)(}’) arij (31

nN+S; —SK4+i N — 8+ SK+i n(y) dhy(y) .
- + =0;1=1,2,---, K, 3.2
qi pi Zy: h(lJ(Y) 0q; ( )



where,

h{ v v

Oholy) _ w(i, )8 (i, yy 0D 280 D/2,

a’l“ij J

b 1 ) 5(yi,1)/2 N 9(yi,1)/2
W) (2) T warstn ) ()

9q; 2piqi | \ G Pyl q;

) (0(yi,1)—0(yr+i,1))/2

—Ti k41 [0(Yis 1) — O(Ynyis 1)] (Z2

i 8(yr+i,1)/2 ; 8(yj,1)/2
- <> Zu(k + 4, )y, 6 (Y5, 1) <]>
e i#i 4

J

Using the similar iterative schemes and similar arguments to show convergence of the iterative schemes to
the solutions of (3.1) and (3.2) we get the maximum likelihood estimates of the parameters under the null
hypothesis Hg.

Let r and ¢ be the maximum likelihood estimates under model and 7(°") and ¢(°") be maximum likelihood
estimates of p and ¢ under H}. Then, the likelihood ratio criterion is given by:

_ Loy (y\r(m),q(m))
L(ylr,q)

A1 (3.3)

The hypothesis H{ is rejected if A1 in (3.3) is small or equivalently, —2log A1 is large. Under H{, —2log A\
is distributed asymptotically as x2 with K df.

4 Correlation of Judgments on Different Pairs

One may be interested in knowing whether the judgment on the pair (O;,, O;,) is uncorrelated with the
judgment on the pair (Og,, O;,). We can test the hypothesis:

Hg : p(ilajl)’(kl»ll) =0 for some (i1;j1)7 (k‘l,ll).

Under the null hypothesis HZ,log L in (2.6) reduces to:

M
log Log = 3" [s:10g 6, + (n — 5,) log(1 — 6,)] + 3" n(y) log h3(y),

i=1 Yy

where,
ho(y) =1+ > " uli, §)pi; ZiZ;,
i<j

3" denoting the summation over other indices except the particular (i1, j1), (k1,11). We get similar sets of
likelihood equations. Using the same type of iterative schemes, we find the maximum likelihood estimates
of parameters under hypothesis Hg.

Let 7(°2 and ¢(°® be maximum likelihood estimates of p and # under HZ. Then, the likelihood ratio
criterion is given by:
Loz (y|r®, ¢(%?)

= (ylr, q) 1)




The hypothesis HZ is rejected if Ay in (4.1) is small or equivalently, —2log A, is large. Under HZ, —2log Ao
is distributed asymptotically as x2 with 1 df.

Sometimes, we may think that the correlations of certain number of pairs of treatments are same. More
specifically, we may suspect that correlation between the pair (O;,,0;,) and the pair (0;,,0;,) is same
as the correlation between (O;,,0;,) and the pair (O;,,0;,) and so on up to the correlation between

(0i,,0;j,) and (O;,,,0j,). We may test the following null hypothesis:
Hg S P(i1,41),(i2,52) = Plin,gn),(isnga) = ° 70 = Pliv,ga),(in,gx) = P05 S2Y-

The log L in (2.6), under the hypothesis H, reduces to:

M
log Los = Z [silog8; + (n — s;)log(1 — 0;)] + Z n(y)log hi(y),
i=1 Y
where,
k
ho(y) =1+ (i, f) pis Zi Zi + po Y ulin,jn) Zis Zis
i<j =1
>°** denoting the summation over other indices except the (i1, 1), (i2,52); (i1,71), (i3,53); -+ (i1, 1),

(ik, jr)- Then the maximum likelihood estimates of pg and 6;s respectively are obtained from the following
sets of equations:

Zhs ) Oho(y) = 0

dpo
; — ng; 5h0 y) )
= 0;i=1,2,---, M,
qiPi Z h3 6% ! ’
5(yi,1)/2 8(y;,1)
() e (qj) |
- U’l?](sle - = My, pizl_qlv
2q;p; (pz‘ (4,7)0(ys, 1) Dj !
where,
Oh3(y) -
— = u(ir, i) Zi, Zj,
8p0 ; 1<
8h8(}’) Z *
T MijTijs
90: i

rro= Tij if (Za]) 7& (i1>j1)7(i27j2);(ilaj1)7(i3aj3);(i17j1)a(ik7jk)7
K po otherwise.

along with (3.2) for other estimates r;;s of p;js.

Let 7(°3) and ¢(°® be maximum likelihood estimates of p and 6 under Hg. Then, the likelihood ratio
criterion is given by:

. L(os) (y|r(03), q(03))

Lyl a) (4.2)

The hypothesis Hg is rejected if A3 in (4.2) is small or equivalently, —2log A3 is large. Under H3, —2log \3
is distributed asymptotically as x? with k& — 1 df.



5 Estimation and Test for Equality of Priority Vectors

The estimates of priority vector « = (71, 7a, -, ™)  of the alternatives may be found as follows. Define,
0ij +1—0;
J#i
™ = nljilvzzlazaam
Zj:l Hj

The maximum likelihood estimates m; of p; and p; of m; are given (with g¢;;s as estimates of 6;;,s) respec-
tively by:

R
m; = ZQZ]+2 QJ17
J#i
m;
Pi = =m -
Z;'n:ﬂnj

The hypothesis of equal priority of the alternatives is:
H§17T127r2:-~-:7rm.

Under H{, the number of parameters 6;;s is reduced by m — 1. Under H{, estimates g;;s of 0;;s are given
by:

2@+ 1= q50) = 22540 (@ + 1 —q51) 1.

2 ) ) ) 7m'

q1i = g1 +

The estimates of the other 6;;s are obtained by (2.7) and (2.8). The hypothesis Hj is rejected if —2log A4
is large where, \4 is the corresponding likelihood ratio statistic. Under H, —2log A4 is distributed asymp-
totically as x2 with m — 1 df.

6 Discussion

In this paper we have generalized the idea of dependence of judgments for Analytic Hierarchy Process.
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Appendix

Odlog L
0 =5,

Lemma 1.

Proof. We will show that BlogL + 6,2 alggL is negative.

dlogL _si n—s; ZM

0B O 16 hy)
" 0% log L Si NS n(y)h"(y) n(y){' (y)}?
- o v 7T + SO MACAA R
TR a2 ) Z )y
where,
1 ¢1, y7,1)/2
, == .
Wy) = 2¢”(l) C,
h/l( ) _ 5(?/171)4-2—491 ﬂ é(yi$1)/2 C
v 40767 0; v
b 3(y;,1)/2
Cio= Y uli )l Vs (9) |
J#i J
Then
810gL+8210gL _ n(y) ©; ﬂ 6(yi,1)/2
90; 007 22 h(y) 40:¢7

o
N—
=
>
/\

[&i%v ) 20; h?y) (¢ )5(% o hg) (

which is seen to be negative in all the cases. Hence it is proved that

dlogL  9%logL

5o+t o <O

Lemma 2. ¢d Z ”(i)(};)(y) is an increasing function of 6, if B; is negative.

3 n(y)h’ i in
Proof. ‘z—? >y (},;)(y)(y) = n(y) {01-1(3@)} [(beif(y)} :

4 PNCORYE
0:n(y) ¢7 2 e <9i>

i<j

Ci.

21,/ 1 2\ 205172
¢; 2(y) _ 4 (%
91' 2¢i9i

%

The derivative of ‘S—j Zy % is given by:

11

is monotone decreasing in 6; except for very small values of ;.



30 [ [ =] () e
= nly ¢3{ ] e e h/;). (6.1)

Now, §(y;,1)/2+ 3 — 20, is always positive indicating that the first term in the above expression is positive.
Combining the second and the third terms we then get,

o W () [, (y)
X0 5 ) [ 0% g

which is always positive since 0; ¢; % <1

Hence, the sign of (6.1) is always positive. This proves the Lemma 2.

3 ’
Lemma 3. % Zu %};)(y) is an increasing function of 6; if B; is positive.

Proof. o Zy );L(y)y =>_n(y) [dnh(.V)} [ ¢?y } ’

1+6(y;,1)/2 ]

O; |9 N )
dih(y) 0; +Z O b3) pis (92)

1<j

) 1 (o)
¢? 2¢,0; v

i

3 /
The derivative of % >y mL ) §g given by:

h(y)
S ) [P () e
Sy {h/(yy; ] * Z“@i? o (62)

Now, 0(y;,1)/2 — 1 — 26, is always positive indicating that the first term in the above expression is
positive. Combining the second and the third terms we then get,

0 W'(y) [, (y)
2nly )¢4 h(y) { it h”(y)}’

which is always positive since 6;¢; };:((;')) < 1.

Hence, the sign of (6.2) is always positive. This proves the Lemma 3.
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