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Abstract

This paper proposes a method which constructs a matrix B which
synthesizes the dlrect and indirect information between two
alternatives. By ‘Vlrtue of B, we show that the eigenvector
priority truly represents the rank order of alternatives if the
correspondlng componehts of principal right and left eigenvectors
are reciprocal. In| this case, the consistency check becones
meaningless. If the reciprocal property does not hold, the
eigenvector priority |.... A method to revise the priority is also
given.

1. Introduction

In the AHP, a Judgment matrix A gives the information of
direct pairwise comparisons of n alternatives, but does not give
the indirect information between any two alternatives. A prov1des
the direct comparison information between alternatives i and j and
indirect information|of copparlsons between alternatives i and j
through k.k Therefore A~ contains ,ZK more 1nformat%on tpan A.
Similarly A" has such_a property. A, and hence, Ae/eAe [4],
holds synthesized information of direct and indirect comparisons
between alternatives| i and 7j. Thus, it seems reasqgnable t?
synthesize the information contained in the matrices a, a°%, ...
to determine the rank of the alternatives by the sum:

2 i
Fay )

instead of using the matrix A, where A is the principal eigenvalue
of A. In the first theorem below we prove that the limit of the
sum exists as k tends to infinity.

In a priority setting people hope to use two sides of human
experience (dominancE and dominated, or larger than and smaller
than) to obtain a reasonable prlorlty [2]. Mathematically, the
problem can be considered as a guestion of how to: develop the
dominance matrix or the dominated matrix, and then synthesize the
left and right eigenvectors of the pairwise comparisons matrix.
However, first we must solve the problem: What is the relationship
between principal left and right eigenvectors?
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2. Matrix B of Synthesizing Information

Theorem 1. The linmit

) X
B=1EI£]1E(A+‘.§;+...+%_-£)
exists and B = MAwv, where w,v are principal right and left

eigenvectors of A, respectively.

Proof: According to the conclusion in reference [1, p.77] we have:

where w > 0, v > 0 are the right and 1left eigenvectors
corresponding to A, respectively, and A is the maximum eigenvalue
of A. Hence, we have

Also, it is known that if a sequence a, converges to a limit
a, as n tends to infinity, then the series

1 &
H;ak-a as n-e,
=1

Hence, we have:

AL A AA
B = Awv = WoVy P AA
w1v1 - o e wdlvn

and the result follows.

The matrix B includes the information of all direct and
indirect comparisons between alternatives.

3. Properties of B
Property 1: If A 1is consistent, then B = A and the corresponding
components of principal left and right eigenvectors of A are

reciprocal.

Proof: It follows from [1]k_¥v‘here it was shown that if A is
consistent then A = n, A" = n A, and from Theorem 1.

Property 2: AB = AB and BA = AB.

Proof : Using Theorem 1 we have:
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AT A
= - B -
k-2 )'

Al A
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K-+00 A'k-1

and hence AB = AB. The proof for BA = AB is similar.

Property 3: B = AB, |[where A is an eigenvalue of B, and the trace
of B is equal to A.

Proof: It follows fragm Theorem 1.

Property 4: The rank|of B is 1.

4. Consistency of A Jand Reciprocity of principal left and right
eigenvector components.

Saaty [2,pl91)]| proved that the reciprocal property of
corresponding components of principal left and right eigenvectors
of a positive reciprocal matrix holds for n=3 and conjectured
through an example |that this property will not hold for an
inconsistent matrix with n=4. He conjectured that the reciprocal
property between the left and right principal eigenvector
components holds if and only if the matrix is consistent for n > 4,
where n is the order|of the reciprocal matrix. We will show that
this conjecture does|not hold.

Theorem 2. The reciprocal property between the left and right
principal eigenvector components holds if and only if the diagonal
elements of B are given by:

WiV = oLl = wr;vn = A/n.
This theorem follows from Property 3 and the property that the
vectors w and v are unique within a multiplicative constant. This

theorem shows that | the principal left and right eigenvectore
components are reciprocal only if the inconsistency is uniformly
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distributed over the

diagonal elements of B, independently of the

magnitude of the deyiation of A from consistency. From Saaty's

point of view [5] we
the eigenvector meth
corresponding compc
eigenvectors are rec

obtain the result that the priority derived by
od is the real rank of the alternatives if the
onents of the principal left and right
iprocal. .

5. Error of Eigenvec

Let us assume
same. That is,

W1'V1

tor Priority

that the diagonal elements of B are not the

According to Property 3 and Property 4 we would have:
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W, f ... Wy, = A

We define the error of w; as given by:

Ai = |wivi - )_/n[ = I(xi - l/nl, i=1,2,...,n.

-

Thus, the total error of w would be given by:
A=A + A, + L0+ A

which represents the deviation of the eigenvector from the
reciprocal property.

6. Synthesis of Left and Right Eigenvectors

Using the error analysis we propose the following method to
revise the priorities to make the error equal to zero. Let

%*

W

VZ .
; = v;/o;" 1=1,2,...,n.

’/Z *
= w/ay, v

By construction, the new priorities satisfy A = 0, and they
are reciprocal of each other.

7. Finding B

The matrix B is unique under the limit sense and it is
difficult to obtain. Fortunately the principal right or left
eigenvector is unique within a multiplicative constant and thus, we
can calculate w and v by and take (A/b)wv as B, where

b =wv, + ... + wyv.
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