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.ABSTRACT 1 -

For examining consistency of pairwise comparison matrix in the AHP,
the paper gives .another method, by means of which we -can find qut
values ~of rcharacteristic’ polynomial and its derivative without neces-
sarily finding out maximun eigenvalue of matrix. ’

AHP is useful in processing and analyzing Socidl—Economic Systems.
When we use it, the examination for consistency of pairwise comparison
matrix; A is needed. So at first we should find our maximum eigenvalue
Aaax of matrix A, then calculate consistency index’ CI=( Agax—n)/(n-1),
and seek out the value of RI from the table, where RI is the average
index of randomly generated weights. Finally if the consistency
ratio CR=(CI)/(RI) < 0.1, it is believed that consistency of matrix
A is satisfied. The maximum eigenyalue Amax ©of matrix A is not
accurate 1if we wuse general approximate method. This paper gives
a rather accurate method for examining consistency of pairwise compari-
son marrix.

When we consider that n xn palrwise comparison matrix A=(a;j) is

positive reciprocal matrix in the following discussion, it means *
aii =1; if i*‘j, aij=1/aji > _0, vi. j = 1, eeey W
k3

‘The characteristic polynomial of matrix A is £{(p) =| AI-A|, where

1 is unit matrix. The maximum eigenvalue of matrix A is Ag,y » and
An =00, 1(n-l)RI If n23, then RI>0 and Ap>n.

Theorem 1 Consistency pf amatrix A is satisfied if and only if
Apax<in when n23. ” :
Proof Consistency of matrix A is satisfied, that is
CR=(CI)/(RI)=( A3 —n)/[(n-1)RI} < 0.1.%
4

That is A,,,<n+0.1(n—1)RI= An. . .

Lemma 1  If A>Agay » £(A) > O and £'( Aaax) >0 ’ .
Proof Since " Aaax is maximal zero point of f(A), the continuous
function £(A)#0 when N> Apax . If A-#iw f(A) —» + . Therefore
if A>Asax then £(X) D O. Jof'( Amax ) Z 0. In addition, the
maximum eigenvalue Apax ©Of positive matrix must not be repeated

root of characteristic .polynomial f(A) (See .page 170 at reference
(1D £'(Aaax)#0, Overall, £'(aaax)>0.- ,
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Theorem 2~ If f(n\‘,)ﬁ 0, then consistency ofimatrix A is not satisfied.
Proof Given f()An) < 0, it follows that An £ Asax due to Lemma

1, and according to. Theorem 1, it is concluded that consistéency
of matrix A is not satisfied.
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Theorem 3 Given nxn positive reciprocal matrix A (n>2), if f(A;)> 0

and f ")(A,,) > 0 (k=1,2, ..., n-3), consistency of matrix A is satis-

fied.

Proof -:f(A)=lu-Af=l(x-l)I-(A-I)l=(a-1)"-{n(n-l)/2}a-l)"" + eas
S Doy myaia-nial, £V a1, £ ().

Also since Ap>n >2, then f("‘Z)(A,I ) f‘"‘"’ (An) and £ (») (Aa) are
all positive. ‘In addition to the given coandition of this theorenm,
S EQg) > 0, £(K)()) > 0 (k=1, ..., n), so that

f=EG)+ F e A" > o
k=1

for A.pAn- We know £( A s23)=0 as well, then Asax&An. Thus it follows
that consistency of matrix A is satisfied.by Theorem 1.

From Theorem 3 and Theéorem 2 we hav; following theorem.

Theorem &4 Consistency of 3x3 positive, reciprocal matrix A s satisfied
tf and only if E( Ay) > O, i.e. .

3
(A=1)7-3(A3=1) > a,,/(a 3, )42 2, /a ..
Lemma 2 Give nxn positive reciprocal matrix A; assume f"(A)> O
for ) » n, then consistency of matrix A is satisfied if and only
if £(A,) > O and £°(A,) > 0.

Proof £*(A)> 0 when A>n, thus f'(A} is a strictly monotone increasing
function. We know Aamax 2n (See page 105 at reference[2]), so that
£ (A) > E£°( Amax ) ifa s Amax - By Lemma 1 we are aware of F*('Amax)
>0, consequently, we must have £'(A) > ©O if A > Amax - It follows
that, if £'(An) £ 0, Ancleax certainly. By virtue of Theorem 1, consist-
ency of matrix A is not satisfied. 1f £(A;) €0, from Theorem 2 also
consistency ©of matrix A s not satisfied. Thus rhe necessity of
condition in the theorem has been established. . N
Now the 'sufficiency of condition in the theorem will be proved.
Since f'(A) is a scrictly monotone increasing function for A »m,
£'(A) has one zero point at most for.A >n. )

1) Lert f£'(A) has not zero point when'A > n. And by Lemma 1 we know
£'( Amax ) > 0, where Amax ¥ n, it follows that £'(A) > O when
A>n from continuity of f£°(A), this implies that f(A) is a strictly
monotone increasing functfon for A » n. Consequently, if ri<x:.)‘“,, f(a)
£ £ A.ax )=0. : z
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2) £'{A) has only one zero point A whenA>n. And‘by virtue of f'(A)

>0 when )\ » \max s We have n € A, < Amax- Since f'(X) is a strictly

monotone increasing function forA>n, so if n<A <A, £1(A)L E°(N)=0;

if A€ N¢Amax » £7(A)> £'( N)=0. that is, '£(a) is;a strictly monotone

increasing function, thus f(A)< £{ A 4,4 )=0. .
i

By 1) and 2), it is impossible that both’ £(aA) and £f'(A) are positive
for # € A € Agax - Therefore. if f(A,)> 0 and E“(A,) >0 it*'will be
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An>Anax certainly. It follows that consistency of matrix A is satisfied
by Theorep 1.

Theorem 5 Consistency of 4x4 positive reciprocal matrix A is satisfied
if and only if f(A;)>0 and ‘f'(&) > 0.

Proof f(A)=|AI-A]=] (A-l)l—(A—l? |=(a—2 )‘—6(\—1 )2- a{r-1)+c,

where c=|a~1},
: 1 P a.
a= . ? ) (xijk' xijl). % k=339 Ia.&, i,3.k<1,2,3,6
e (a)=12[ (3-1) «-1], nm if AD4, f*(A)> 0. :

Through Lem 2 we have Theou- 5 imvediately.

Theorem 6 Given 5x3 positive reciprocal matrix, assume £"(5)>0, then
consistency of matrix A is satisfied if and only if f(hs))o and
£21(3)>0.

Proof £ )=IC(A -1)1=-(A~-1) |0 -1 )s-io(l"l )a-dl (-1) 2051 =1 )—c1
where ;= A1}

b, is the sum-of five &4x4 principal minors of matrix {&-1)

d,= Z (x5 pllxi Rh xijl""i”‘k’ail: i, 3sky=1,2,3,4,5
fejek

It is obvious that f"',(x~)=6o[(a—1) —~1], which implies that £%(a)
is a strictly monotone increasing function, in addiction to given
£°(5Y > 0, we have that if A > 5 then f"(A) > £°(5) > 0. With Lemma
2 we can conclude that Theorem 6 holds.
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