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Austimcr 
The essence of AIIP is to evaluate objects iii terms of the eigen yector oF the comparison,matrix. But when 

the number of objects, ii. is. toil large. it causes often worse reliability for an observer to evaluate 411 ratiled 
comparisons at a time. Si, it is necessam to decompose the whole sci of pairs into -)everal classes. and for each, 
class to be evaluated 13) ono 011SerVor We propose the (1/tonlino/111011 11) 111111) incomplete block design) 
well known in the field of experimental design or ell11111111:norien WO show by about:Ilion experiments that mu 
method gives better evaluations Dem the ordinary AIIP 

In connection with these, we propose- the logarithinicleast square method. very easy to calculate. and show 
that this gives very good approximation to the eigen vector method when /1 is rather small*. and that the former 
completely coincides with the latter when n 3. surprisingly 

Introduction 
The essence of All!' (Analitic IlWrarelly Process) is to evaluate objects in terms of the eigen vector 

corresponding to the fins hunt eigen value of a matrix whoa'. j),  elemeid is the ratio of evaluation of pbjegtr Lii 
object j 111 121 131. The idea is to intend to unify local infitrmations taken by paired comparison •into a gloval 
information. 

But when the number of objects is too large. it causes often worse reliability for a observer to evaluate all 
paired comparisons :it .a time. In Stith case. it is necessary to decompose the whole set of pmire's of objects inhk 

several blocks, and for each block to be observed by one observer It is important how to decompose the set of 
pairs. We propose the decomposition by BUM (Balanced Incoinplete Block Design) well known in the field of 
experimental design MIR And we show that this method is to give better evaluation under certain assumptions 
by simulation experiments (§4). Further we propose the logarithniic least square method fur our problem, and 
show that this gives a good approximation to the eigen value method in Ally (§3). 

§2 BIRD 
Let E= 11. p 1 be the set of objects i= I. p The number of pairs among E is ,C2

and if p is large this becomes very large and an observer cannot compair all such pairs at a time. I.et the set of 
objects which an observer can accomodate with sufficient reliability, be called an "allowable block', and let us 
denote the size of allowable block by k ( p). 

Then we need-to de•compose the set of ,E, pairs- bib) the classes of size ICJ and to allocate several observers 
to these classes. Each observer makes paired comparisons in- his class. We unify these results and can get the 
evaluation on E. 

For example, there are p = 7 applicants for a prize essay, and we try to judge their essays and to decide' 
ranking on them. Let the allowable block size be k = 3. that is, one judge can rad 3 essays and make paired 
coMparilons on them. In this case. the .7C2 = 21 pairs are zleconsposbd into classes of size-aC, -3. So we need 
'21 /3 7 judges. We unify the results of 7 judges into the whole ranking ow7xaPPlicants. 

It is the problem how to decompose the set or pairs into- block and how to unity ther results of 
observations on blocks into the Whole evaluation. We propOserlie decomposition by BUZ and the unification by 
the eigen value analysis used in AIIP A • 

BIRD on E = 11 2, v I is the claSs •D = I /11 . It,, t of subsets(called -blocks') E (I.= l -"-t) 
satisfying the followings'. 
.. 1 for any t = I —I; 

11; 1 =k • (the block sizil `is constant) ' 
1// I for any i= I 

• It I 1F-lk. le Bs I I Is. • (Ow ititiiihri coln11:11111 

hot/ 1111 ran) i. r I 11#11 ' 

11 left, Jen,. I 111 A ithi mho ',,' lou, 111111ibei 1/. /Minn/111i 
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(where 1 S I denotes the site of a set S.) 
It is clear that Da implies (5), so li 1 and 6W suffice for D to be 111131). Specifically a BIBB with I =1 is called 

Steiner system and here we consider only Steiner system, which is denoted by (v. k).D. 
Example 1 The class of subsets of E = 11. 2. .... 71 shown in Table 1 17. 31.D 

Table 1 is (7, 3)-1/ The pairs in each block ate shown in write hand of 
the block. All such pairs construct the set of ;CI  pairs. In other word. th = 11. 2..1 --, 12. 11. 2.1 
the set of pairs in E is decomposed into pairs in blocks. B2 la 12. 3.5 -, 23. 25. 35 

We can represent this situation in terms of graph theory in the 93 = 13. 4. 6 -• at, 36. 46 
11. 5. 7 -, 45.47. 57 = following way: To construct (v, 10-D is equivalent to decompose the set 64 
1 -.. 

of edges of a complete graph with v points into complete graphs with k 
115 = 5. 6. I 56.51.61

points. (-*Fig. 1)   
Ai = 16 7.2 -6 67. 62. 72 
I1; = 17.1.3 -71.73.13 

Fig. 1 111131) decomposition 

By the graph theoretic representation slatted in Ex. I. we can easily have the following relations. 

vr = bk (2 • I ) 
= = v(v-I)

kE2 MI-I) (2 • 2) 

If (v. k)-13 exists then integers v and k satisfy. (2. J). (2. 2) with integers y and b, so for any integers v and k 
we do not necessarily have (v, kyr). For example.(8. 3).D never exists. But (9. 3)-1) exists, so we can treat the 
case v=8.1=3 by,taking oni of objects in (9. 33:0 as dummy. 

The conditions olixistence and construction methods of (v, k).D have been widely and deeply researched in 
the field of experimental designs and combinatorial theories 141151. Table 2 In order to show why the decomposition by the (v. 1)-D is 
appropriate, we propose another rather natural decomposition shown in 
Table 2. Of course this D= 871 is not where pair (I., 2) 
occurs 2 times in 13, and B7. while pairs (1. 4). (1. 5) do not occur 
anywhere. 

The author believe that (v. 1).D would give the best possible 
decompositions for our problems. In the end of this section we give 
another 1e. k)-17 in Table 3. 
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II.= 11. 2. 3 
= N. 3. 4 

fla = • 13. 4. 5 
= 14. 5. 6 

IIn= 15. 6. 7 
1/0 16. 7.1 
I17 = 17. 1. 2 

- 12. 13. 23 
-* 23. 24. 344

34. 35..45 
- 45. 46. 56 

56. 57. 67 
- 67. 61. 71 
- 71. 71 11 



Table 3 

II. 2.4. 101 (I. 2). (I-1). (1. 10). (2.4). (2. 10). (4. 118 
- 12. 3. 6. 111 -• (2...3). (2. 5). (2. II). (3. 6). (3.1!). (5.1*) 

Al =13. 4. 6. 121 (3.6). (3. 12). (1.6). (1.12). (6, 12) 
= 14. 5. 7. 131 - (4. 5). (4. 7). (4. 13). 15. 7). (5.13). (7. 13) 

05 =15. 6.8. 11 (5.6). (5. 8). (5. 1). (6. 8). (6. 1). 18. 1/ 
Ea =16. 7. 9. 21 -• (6. 7). (6,9). (6.2). (7.9). (9.2). (9.2) 
117 =17. 8. 10. 31 -* (7.8). (7. 10). (7:3). (8.10). (8 3). (10.3) 
na 18.9. 11.41 -6 (8.'M. (8. II). (8.-I). (9. II). (9. 4). (11.4) 
B,, 19. 10. 12. 51 -• (9.10). (9. 12). (9.5). 110. 12)(10 5). (12.5) 
am = 110. 1 I. 13. 61 - (It III. (11). 13). (111,61. *3)01.6).  AEI. 61 
itiir 111.12.1.71, - (II. 121.01. It (II, 71. 112. II. (12t 7), (1.7) 
/kr= 112.13. 2.8! -• 112.131.02. 21. (12. 81. 113. 2). (l3.8). (2. AI 
BE,-- 113. 1. 3. 91 02. II. 01 :11. (13.9). (1.31. (1.91. (:1.9) 

I/3 US. AIIP estimation 
Let II. •••. at be the set of ofjects i =1.2.-.n. An observer observes Ow ratio of evaluation or object i to 

object j and let us denote the observation by xik
We assume the statistical model of xi) to be 

xii=a, • cu. artoftrj (i<j. j= 1 -10 
(3 • 

Where iv, (>0) is the real evaluation of object i and is an unknown parameter, and ed (>0) is an idependent 
random variable representing the error of the observation. And we always recognize that any multiples of (1/1-
ta.) are equivalent to (tel•-ta3 itself. Further we assume that 

E (Ineii)= 0. V (lneu)= a2(0) (3 • 2) 

and a 7(n) is a monotone increasing function of n. the number of objects to be observed. 
Whether these assumptions are reasonable or not is a psychological or a physiological problem, but we can 

agree with these assumptions as a trial scheme. 
The main purpose of AI1P is to get estimates th of in, (i= 1 - n)by calculating the cigen vector *= •••. 

klcorresponding to the maximal eigen valne A of the nen comparison matrix 
Of course we have other estimation methods. The most natural one is logarithmic least square alsr. For 

simplicity let xg=ln x. wj=ln wi and erin e,,. Then we have 

(i<j, f. j=1*-n) (3 • 3) 

Appling the least square method to(3 • 3)we have least last square estimate lag c4 ; is and taking Inverse 
transform we have 
*i=e1(1=1-n). This is LIS estimation. 

For example let n=3. Then we have 

;12 =1;1 -.-8;2+;12. ;13 4 1 -1;3 14 13. 1 23=0 2 -10:1+en (3 • 4) 

As the vector w= tadl multiplied by an arbitral constant is equinalent to ,w itself. We can assume 
w1w2w3=1. so we have 

+ti2+1;3=0 

Appling least square method tot3 • 4),(3 • 5)and taking inverse transform we have 

*1=012 1i:,) ' . 6 '2= 023 1 2 Olt. : *3 = (.z:12 2:12)."
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This estimation is very simple. but we have a surprising fact that w, (i = I -3) in (3 • 6) mantle with the 
components of the eigenvector corresponding to the maximal eigenvalue of the comparison matrix N-valx,il That is. 
we have 
Theorem! In the case n 53. LLS estimates coincide with AIIP estiinates. 
Proof In case of n=2, we have easily 

ii•i = (3 • 7) 

as the LLS estimates of w w2 respectively. And by direct calaculation we have 
- 

[-,72) -2 ET.1 X= xi1
V. I 

and the 18 851 eigen v due if 2 X 2 comparison matrix is 2. so t i t in (7) are the .1OF 
In case I f n=3. fro ii (6 we have 

[I i t.. x131 10)1 = A n
X23 te2 

13.2 1 $1,3 Coi

A =I -Fr+ 1/r. r -=Vzi 2 sill

by direct-calculation. But from Perron & Frobenius Theory we can state that if a positive-matrix has a positive 
eigen vector then it corresponds to the maximal eigen value. (A positive matrix (vitt) means a mains (vector) 
whose components are all positive). (See the proof of the theorem -I in 161). 

Like the case n=3 we have general U.S estimates 

ti,,=(11 7- I xii)"" i= I. •••, n 

.which can be4tated simply as t i is the geometric mean of i•th row of the comparison matrix 
But unfortunately they no longer coincide with AIIP estimates for n >3. Thus if n>3 then Iltivrem I does 

not hold. But through Theorem I we can slate that if er 2(n) i YeasonablY smallUh.S Vskimatesamia be good 
approximations to AHP-estimates even if n is greater than 3. This also teaches us that our statistical model (3 • 
I) is valid for the All!' analysis. 

I3 • 8) 

§4 Decomposition Methods by BIBD 
Now we propose our decomposition methods by (31I3D, We are give,1 the set of Objects E= 11 2. el to be 

evaluated. Let the allowable block size k be far smaller-than v We decompose E into blocks 111. •-• 
construct Steiner system (v, k)-D. x • Step 1 Far each 13,.= I Pi. P2. .... Al GE an observer observes the objects and gels observation I)) a 

paired comparison fi, to R., (t<s: t. s-= I, •••: k). Note that the observation error of s1,  oneasuned by V On 
.to..01= e(k) ) is-far smaller than the one incurred by the observation' in the Whole it
Step ‘2 Let • 

1.0,,r - -Ape sr) 11 -11 

and let 

0, ••••zo.p.

11 h it.3 •••• I /x 1 

for e= I 
Then in the propertICS 4,1111131i 

181 18 4 N ,): (8il 
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constructs the set of all paired comparisons 3„ o 1 ri from which we construct the v X v domino ison 
matrix X=Ix„I 
Step 3 We apply the usual AID' to the contpanstm matriii X. that k. We rated:de the eigen cedar 
la=i115. ••• favi 
corresponding the maximal eget value of X The A, is the desired estimate 411 iv, III (3 • I). 

Example 3 (v=7 k =3. BIB!) decomposition) 
Let w•L. •••• w.;  (3 • I) take the values shown in Table .1. Of course these are unknown for tlw observers :11111 

are to be estimated. Further is„=trfir, (i. j•-•••• I -7) are also shown in Table 4. 
For each block B,. (shown in Tabli 2) an observer takes observations 02.03, whet e 

(.1 • 3) 
zgt i a="•itfie 

and „Is a random tontabet whose local ism In et, Aim, mail) 111,11311OWN null, Lett, 11111111 and vat lanci• a t 
lw otartnitilel (3' II, (3 • 2) (For the amial value 4ift  a (3) see (I 51/. For e 1.2. 7 Se-•-• 

3 1r 
silts A 

I and S..= = IA . I /1- • „e „ I /.1.„ %loom in Table5 in the matrix form  ' tat .s sr r • a' 'A 3 

'II S2 3 '116 1 ',Or ()
1 

'512
Unifying XL. •••, X we have the 7 X.7 comparison matrix X shown in Table 6, and calcalenlating the- Liget 

vector for the maximal eigen value' 2 01 X we have the estimates •••. tir;  ShOWA also in Table 6. Comparing 
fr. = 1 -7) we can sn: that we have generally fairly good estimate:. 

Now we consider the actual calor of 0 2(11) in onr model (3 • I). Of course this :depends on the given real 
problem. But we assum 

a (3) •2=0.158z. a 2 (4) = 0 .2 50 . a (7) =0,52. = 802 (4 • 5) 

as trial values in our simulations, where a 'AO is roughly propotinal to „C2. 
Example 4 (v=7, direct method) 

Here we will describe the usual AM' method applied directly to Table 4. We multply a,, by a random 
number t ij and have 

e„ j. 1.1=1.". 71 

where me,, normally distributes with zero mean and variance d '1(241-= 0.5 ). and calculate x„.= I/x„. 
then we have the comparison matrix X=Ix„I shown in Table 7. Calculation the Mzen vector for the maximal eigen 
value A we have CII(IDUACS t, (i = I. ••• 7) shown alson in Table 7. -quite worse than the ones in Table 6. 

Next we try to investigate another case 1=13, k =4 ill Examples S, 6 along the same line as above. 
Example 5 (r4=13. k=4. BIRD decomposition) 

We show iv; ( i = 1 - 13) and a,; -= wfw, (i. = I -13)iti Table 8. and(13. 4) -fl and its comparison 
abservations in Table 9, where the Iodate= of the random withers- have' the variatice a 2(4)= 0.250.1(in (4 • 6)). 
Fimally the unified comparison matrix X and its maximal eigen value and the corresponding eigen vector are 
shown in Table 10. These give us rather good estimates. 

Te1.4/. i 787 Iasi 

2 3 ,5 

ws=1 I I I.0 20.43 List 8.094 3.1305 4.516 I 

we=0.5311 2 0.538 1 I1.110 1.358 4.37/8 1.911 2.432 
•4=0.049 3 11:4141815 .,0.09091 / 0.3982 113962 0.1765. 11.2211 
w..41.124 4 0 1235 0.2294 2.521 1 I, 0.4154 0.5579 
/.0.0.184 65 0.1215 0.2294 2.524 I I 11.4454 11,5579 

I 

3.4=11I.277 6 0.2774 11,5152 5.667 4 245 2.245 I 1.253 
ro=0.221 7 0 2214 11 4113 1 521 1 782 1.792 11.7981 I 

ur 



Table 5 40 X 4 

1 2 4 
• 

Di= 11.2.41 1 I 1.540 7.236 ! 
5i 2 0.6193 1 , 4.%9 ! 

4 0.13/1 11.2242 ! 1 
3 4 _// _ 

[ 0.4033-  0.1975III = 1.1.4.61 3 1 
X,= 4 2: _419 1_,  . 

6 5,063 3.004 1 
0: 1329 

• 
5 6 

11.156,11 5 1 00507 11.1115 
6 2.572 1 112,132 
1 /1.1(11 3.800 I 

4- I 3 

II( 17.1 7 II 11.18711 4:361 
1'1 5.317 1 19.33 
3 0.2293 0.05173 I 

2 

11:= 72.3.51 2 1 I 13.05 6.171, 
8•= 3 J 0.07665 1 II 41497 

S 14.1621 C.465 I 

4 5 • 

114= 14.5:71 I 1 
0.9709 I. 

1.0:6I 11.5690 
11,5541 

7 17149 1.8111 I 

8 -, • 

116= 16.7.11 11 1i 1.7% 0.5117 
X. 7 0.11110 I 0,3623 

2 1.881 2:700 I 

Table 6 7 X 7 X =18„) 1111110 glecomoralto• I 

2 3 4 5 6 7. •=7.11291 

I 7 1.540 19,11 7.236 8:814 3.11111) 5.39 
2 0.6193 1 13.046 4.269 6.171 1.8411 , 2.760 
3 0.05173 0.676115 I 1/.4633. 11.11,57 0.1975 11.2293 
4 0.1382 0.2342 2A78 I 1.11311 0.1129 11.55b0 
51 0.1115 0.1621 2.465 1/.9709 1 0i1017 11.5514 
6 0.2632 0.5317 5.063 3.1104 2.572 I I,226 
7 0.1870. 0.3623 4.361 1.789 1.804 0.81611 I 

Table 7 X = bt„! (usual Alin 

1 2 • 3 6 7 2=7.323 

1.731 13.29 7.942 8.944 1.437 4.561 
0.5777 1 ;11.68 4.720 6.245 2.188 4.173 
0.07524 0.08562 1 0.3694 1.190 0.1597 0.3299 
0,1259 0.2119 0.707 1 0.5543 0.3720 0.3892 
0.1118 0.1601 0.8402 1.801 1 0.5835 0.6611 
0.6959 0..040 6.262 2.688. 1.714 I 2.150 
0.216 0.23% 3.031 2.569 • 1.513 0.4651 1 

I 
Example 6 (v=13. direct method) 

If an observer observes 1:1C•1 paired comparisons;, (i 1 - 13) at a time. Awn .the logonithm of 
observation error e„ has variance a (13) =0.9802 (-• (4 • 5) ). We calcitlatwx,, ,, et; from Table H and the 
randoni mimbers.c,, With above mentioned properties. X= k i t and its meximakeigep value and its awn vector 
Wit showwin Table 11. These estimates almost .have jlo reliability. 

At the end of this section we mite that we can useLLS estimation (--13) for our !purpose. 
First We apply LIS estimation ( (3 • 8) ) to Table 6 (Elam* 3) and have iv, as..estimate of v.,. = I -7) 00 

Fable 44 These are shown in Table 12. whtre wo (in Table 6) are shown again for the comparison. (Of course 11,5 
art- standardized as * 1--= I). We can see that W, gives a surprisingly good approximation tow, (1=1-7). - 

Second ;tripling 1.1.5 to Table 7 we have Table 13. This also gives tardy good approximations. Next we have 
I able 14 front Table 10 and Table 15 from Table 11 by the same way as above. 

Generally we can say that the 1.1.5 estimation gives a good approximation to the eigen vector estimation when 
tIt,' abservation error is small and the number of abjects is small. 

The labor of the calculation of the LLS is far easier than the -eigen vector method. The former is easily done 
III .1 desk ealculabw of pocket size, but the latter needs at least a personal coinputer So the advantege of LiS 
method should be highly appreciated even in the highly cornputerued countrieslike Japan IISA and ow Nin re 

loss ihr within think that the deep meaning of AM' is concealed m using the eigen vedor for a estimation 

* 4 =1. 
*2=0.7679 
*8=0.0793 
go =0.1303 
*x=0.11611 
0.= 00139 
*1=9.2201 
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13,111,. 1 3 • 13 10 
1 T 4 , i 5 6 7 $ 9 10 II 12 13 

0. =11.1341 I !I 1 III 1.235 1.372 1.521 1.6393 882 2.1191 2.323 2.581 6 .. 0.1207 2111.9 1 1 11 I 1.235 1 372 1 521 693 /482. 2.091 2.323 
0i  =0.1086 3 0,81 0.9 I 1.111.., 1.215 1,3142 9.9 693 1.892 2.091 
04 =0.1/977 „4 0.81 11,9 1 . 1.2.11 1..235 I. .112 £21 693 1.1182 2.091 
w• =0.11830 k 0.6561- '0.739 0.111-  0.9 I 1 Ill 335 372 1.524 1.693 

=0.0792 6 0.5905, 0.6561 0.729 11,141 41,9 1 111 235 1.372 I  1 .524 
,,i; .0,0713 •7 0.5314 0.5905. 0.6593 0.729 0.314 0;9 III I....2.15 1.372.
wi  =0.0641 8 0.4783 0.5314 0.5905 11.4561 0,7:29 11.81 0.9 • hill 1223.5 
0., =0.16577 9 0.4305 0.4783 11.5314 11,59115 0.6561 0,729 1 ,81 Q. 1 - I III 
wi0=41.0519 4o 1/.3814 0,42(15 0.4783 0.5314 0511115 0.17;61 721. 161 11.9, 1 
a 0=0.0413 II 0.3197 tr.34371 II, 3415- II 1783 0 3911 al Or I. 4:111 a 729 11.81 11.0 
x..- 0,11121 12 o 31314 11.3187 0 Is;! 0 1305 il 1,-83 Is .331 is "...• •I 6941 0,.729 11$? 
v. i ..-.11,11379 1.4* 11.2524 0,3118 0 3.187 11 3871 II 1:416 II 17911 II 'III 0 5905 0,61411 11.729 

4 IAN. al %., X '1 'Ica I
I 9 I III A II 

xi- 2 
4 

III 

2.868 3.187 3.511 
2481 2.8611 3.187 
2.323 2.131 2.86X 
2.323 2.581 

,693 1.1383 
:5'21 1.693 
.372 1.521 
.235 1.322 
.111 1.235 

I 1 11 
9. 1 
81 0.= 

1 12 

2.323 
=.091 

1 593 
.524 
.372 
135 
III 

1 1 272 1.1W 1 III 0.911.1 2 113 till. .623 167 Liao 2.407 i 
0.71162 1 0.9,1! 1 115 3 1 t IC.. 1 1 3118 1 1:ini X 1,0.969 I 036061 2.667 I 
11.9411 1.077 .1 2.618 S .0,4733 ,11,7;q1 1 1 VI1i, II / 4!,9179 hl!!:I 1 3.951 - 
0.3111 0.7067 1113776, 3 11 0.3'262 11,111.12 11,9013 1 2 4 11.055 11.375 .0.5118 1 1

4 5 7 13 

4 1 4E139 1.55 1.52.1 1.394 1.533 tnr, 6 
X. 5 0.841 i h 0.7017 1.919 1 x • 6 0.751 I 1.147, = 1311 I 2.= 7 

7 0.6452 1.38 0 1 3.8111 8 4 0 16.6566 0. 111. 1 si 1I4,1115 : 9 
13 0.6568 11.5132 0.5417 I 3 11.9139 1.712 1.959 1 2 

Ii 7 9 

1 1.115 1.1411 0.7153 
11.10111 I 1.15 11.5734 
11.5252 41.841041 1 11,3713 
1.398 1.744 2.697 1 

8 III .1 Cl 9 II. 1 9 10 12 S 

7 1 , 13177 0.9667 0.528„ 
34- 8 0.921e 1 . 11.9633 0.7551 i 

1011.031' 1.033 1 0,322 I 
3 1.867 1.324 1,3115 I .  I 

+0 - 2 I 
10 'II 13 4 

...-9- -•• i 
-10 1 0.9447 1.454 0.8006 

Xi..11 1.059 '.1 1.101 01:3994,
3 3.6876 0.9082 1 0.3.431 
6 1.162 2.54 2.915 1 i

a 
13 1 3 9 

13 1 0.2034 0.3372 11.919/ 
3.. 1 4.94 1 1.76 1.865 

3 2.966 0.501 1 I 97 
9 1.177 0.5362 0.9176 1 

1 1.523 0,695.7 0.9597 9 
9.61:19 1 * 1347' 0.5774 3,. 10 
1.437 0.8718 1 11.-4792 12 
1.012 1.732 I- 21087 1 ' 5 

3 

113209 1.421 0.7321 
1.112! 1 " 1,17 0.621 
9.4107 11.14,roi 1 0.56531 
1.301 1.6I4' 1.769 1 

• 
.7. II 12 1 1. 12. lI3 2 8 

...3 II ' 1 0.9362 0.22.37 -li,51 I 12 I „0,9769 0.2633 0.71016 
91,=.12 1.068 4 11.46218 11.62421 ale= 13 1.024 1 0.2467 0.5601 

3 I' 4.477 2.1.17 1 1.215 23.791 4.054 1 1.691 
7 1.945 1,402 0.4515 1 8 1.204 1.695 0.5914 I 

Tallah. 9 Si X..'  "01 .0.1.11.11edi 

I. 0000 1.2720 1.7600 1.0570 17,9139 1 7120 2.21511 1.9500 1.81393 3.1440 9 4770 2.1.470_ 4.9400 
0.7862 1.0000 0.9462 0.9252 2.1130 1.39841 1,7440 1,119111 2.6970 1.4150 .3.0660 3,7910 4.1930 
0.5682 1.0.570 1.31003 I 1670 1238110 1.0550 1.6670 132.111 1.9700 1.35210 1.6669,  2.4670 2.9604 
0.9161 1.0770 0.8569 1.0000 1.1890 0.8383 1.5503 1.0120 1.73W 216480 2.0870 2.6670 1.5230 
1.0940 0.4733 0.7205 0.8410 1.04100 1.9340 0,7417 1.52311 1.3640 1.6130 1.93711 1.7690 1.9493 
0.5648 0.7153 0.9479 1.1930 0.7530 1.0000 1.13511 1 14711 1.9010 1.1620 2.5010 1.9510 2.9150 
0.4515 0.5734 0.5356 0.6452 1.3080 0.8811 1.01100 1.11770 I 1500 0.9657 1.9430 1.611 1 1.8460 
0.5105 0.5914 0.7553 0.9597 0.6546 0.8718 0.9285 I Wu 1.5530 0.9633 0,0957 1.2680 1.6950 
0.5362 0.3706 0.5076 0,5774 0.7321 0.5252 0.6696 0.6439 1,04100 0.9709 1 1470 1.4210 I 1751 
0.3181 0.7067 0.7220 0.3776 0.6200 11.8606 1.0340 1 11380 1 0210 .1.11000 1/.9147 1 1700 1 4540 
0,2237 0.3262 0.6102 0,4792 0.5163 0,3991 115141 1 4370 11,871/4 1 0590 1(1811 139362 1 10111 
0.4658 0.2638 0.4 It 0.3750 0.5653 0.5118 0.6282 o 7111.. o -7037 0.11547 1,0680 1 00110 11 9769 
11,2024 0.2467 0.3372 11.6568 11 5132 11.M31 0,5117 II X9.11 0 3197 11.6876 11 91132 1 112111 1 18810 

• ricro Ailir 11143130 
�  into. 

111011111) 1188275 11 716311 AI PIN, 111411,19 111.201• 11 49111.11. •A19.o. 0*824 II 11178 it' 0113. 
9, 6. A• 0. 0 

tre 



Table 11 13=13 X 1,,n1 164641 AVM 

I 2 3 4 5 6 7 8 9 10 11 12 13 

1 1 774 1.071 2.175 1919. 0.5758 1.045 12.48 16.16 3.9131 0.8363 I 902 3.631 

07636 1 0.8771 3.227 1.781 0.4639 0.2651 1.411 1.370 0.9083 4.924 /1.971 :1,1172 

0.9338 I 140 1 6.522 1.0011 2.094 0.4587 4.016 3.730 1.012 3.1180 0.6331 1.82.4 

0.4599 0.3099 0.1533 1 7.611 0.9521 1.959 0.1990 0.2546 0.8931 2.651 0.51412 3,151i 

0.5212 0.5615 0.999 0.1314 1 1.357 1.393 1.208 0.8352 1.372 8.979 6.493 II 7722 i

1.737 
0.9574 

2.156 
3.772 

0.4776 
2.1813 

1.0511 
0.5101 

0.7372 
0.7173 

1 
1.5130 1 1.0

0.6666 2.71(1 
35 

8.762 
11.734 8 

10.76 
2.004 

0.6958 
14.61 

1.3911 
6.686 

3.136 I 
3.485 

0.010130.7047 0.2490 5.024 0.8277 0.3691 0.921 1 1.534 11.5651 6.731 1.1111 7.9141 t
1.06187 0.7300 0.2681 3.921 1.197 11.1141 1.274 11.6312 1 1.115 1.319 11.5351 2.335 

0.2.559 1.101 11.9879 1.131 0.7182 11.099)7 0.4971 1.1469 0.87311 1 2.951.. 0.7329 1 162 

1.190 11.5197 0.2718 11.3772 11,114 1.437 0.06312 11.103; 0.7115 0 33.43 I 0 10111 I MG 
111.52181 11.1115 1.579 1.712 11.15111 0.71% 11.14'ki 0310017 1.8171 I 230 I. 135 1 11,160(1 

11.3155 11.3511 133194 1.295 0.2911 11.11121 11.1253 11.190 11.16.63 &5535 IS I . I 111.2571 
1 

• viva ‘41.6.=..198111110 
. 44.,44,8 = 

1 0.4795 041111 0 1111 11.4517 t1t8195 0.71116 0.51111 03111 07701 137202 11.2170 11161.1 
33. 62 “, 6. 71, 33, 4 ; 4. I. au' 4,, 41..

r.iite 12 TA. 13 T414. II VAL- I 
104464944640 161171 14599•14.44940 01119 

1 1 I 1 I I 1 1 1 
2 00167 11.141.1 2 11.7679 1E711411 2 11.111128 0.11966 2 III7.03 014112 
I 11111911 11.11196 3 0.117T3 0.0755 3 03161 0.7351 1 116113 014(17 
4 0.1712 0.1218 4 0.130 11.117) I 117076 11.7126 1 11:1351 11.2610 
5 0.1136 0.1117 5 0.1140 0.1135 3 1101Ni1 won 5 11.1517 11.511(1 
6 0.2916 0.2904 Ii 1E4139 0.4067 6 11.6292 0.6439 1. 1132925 nitin 
7 02131 anti 7 0.2201 0.2224 7 0.51112 7 11.71116 11131211 0.19116 

11.4663 (1494 (IASI Irirtu 11.13) X Mini II (1.51100 0.1611 
=rm.) .44=441 9 0.4812 0.3926 9 11.4146 0.3210 

III 144148 0.42% ID 107111 0W15 
11 11.3356 11.11.54 II 02202 1121121 
12 0.3126 0a18, 12 0217" 11.21.1, 
13 11.27/11 11.703 13 11.3013 111511 

Irk.3. 11110 Irma.. 11.191 
419,1 

Conclutions 

For the statistical model stated in (3 • I) (3 • 2) our BIRD mclhog gives Imtter results than the usual 
ARP method. Further the LLS method (3 - 8)j gives very good approximation to the, eigen value method. 
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