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e " ABSTRACT
Y
From the point of view ;I'\pgychlogy. T. L. Saaty {1977) suggested using the scale from 1 to 9. which is not
consistent, for pairwise comparison in the Analytic Hierarchy Process. For example, suppose we are given
‘three objects, say, A, B, and C. Compare A with B, with the tesult, say, of 3. Then compare B with C,
with the result of 5. Finally compare A with C, the tesult should be 15 if we would use a consistent scale.
Of course. if the number of scale values is finite, then the scale itself will never be consistent as illustrated
in the above example. A question arises: Is there an optimal scale such that. the consistency index will be
minimum for all comparison matrix? This paper has mathematically answered the above question: There
15 no optimal scale among certain class of scales with respect to consistency in the Analytic Hierarchy
Process Therefore the scale from 1 to 9 is a reasonably good one for pairwise comparison in the Analytic
Hierarchy Pracess.

1 Introduction

Saaty {1977) suggested using the following scale for pairwise comparison from the point of view of psy-
chology; .

Scale Value Description

: 1 | Absolutely equal, no difference detected |
i 3 g Very slight preference
I 1 but inconfident in judgment
! 5 Slight preference detected,
| confident in judgment i
-
! 7! Moderate to strong preference,
requires little time to detect
9 Large order of magnitude preference,
. too far apart to adequately scale
2 2,4,6.8 Intermediate values between

the two adjacent judgments

Suppose we have three objects Oy 0. and Os. Compate Oy with Oa. ‘with the result, say, of 3. Then
compare O: with Oy, with the result of 5. Finally compare- O; with Oy, the result should be 15 if we use
a consistent scale. Obviously the scale suggested by Saatv is not consistent. Of course. if the number of
scale values is finite, then the scale itself will never be consistent as illustrated in the example above. The
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question ariscs: Can we do some transfotmation of the above scale such that the resulting scale is optimal
among certain class of scales with respect to consistency? Unfortunately the answer to the above qusetion
is no. and we show it in this paper.

2. Definitions and theorems

Instead of the scale 1,2.--..9. we may give the scale 1. 2r. 3z, - 92, where z > 0. and see what happens
to the coasistency of the comparison matrix. Obviously. we do not want to transform the scale value 1.
since we desire a ratio scale. .
Suppose we get the following two paitwise comparison mattices after the pairwise comparisons are made
over the a objects, Oy, --,0, by using the two scales 1. x4, 3xq, -+, 970 and 1. 2z, 3z, --, 9xr,

1 @22 a1aTo
TN 1 Q2aTO
A(xo) = N
= 1 1
Crudn CrnTe 1
1 Qpal Qnd
1
Frery 1 - @32
.-l(r) =
1
Sink Gzar 1

where the a,,’s are integers between i and 9 for : < ). If @,; = 1. then define @, r and a,;To to be one.
We compute Apa:_for both matrices where Amq: is the Perron root of a positive matrix. We denote the
value of Ay, for A(x¢) by Amaz(z0) and similacly the value of Apqe for A{z) by Anec{z). Natuzally, we
wish to find an 1o that will improve consistency, i.e., will reduce the size of Anq,. This gives rise to the
following mathematical question: Does there exist an z¢ independent of judgment scale such that
x(r::i s '\(r::: 8

for all r > 0 and for all a,? The- scale 1,2z¢,:+:,92¢ which satisfies the above condition is called the
optimal scale in the family of scales 1,2z, .-+, 9= with respect to consistency. Unfortunately, the optimal
scale in the above family does not appear to exist.

Let -us first consider the case where there are three objects to be compared. Suppose we get the following
matrix after paitwise comparisons are made:

1 anc' aia3X
h= ok 1 ame
1 1

anT a2

where @;3.a;3 and a3 are integers between 1 and 9. and if a,, = 1 for & < ; we define a,,r = 1.

The characteristic polynomial of the matrix A is
»

A-1 —@12r —4)3T
Al -Aj = -“‘7 A-1 -axnr
JDUS U T N

ay3x 437
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S0 A g (T
PO apadazr 213 .

By Solving the charactenstic equation of A. one can get (see Saaty, 1980) ,« ¢

A = 'l{ @3 \,/ax:ﬂzs-l' -1

marx

V aiza2z &3
- a Xy agaasg’
_ {/ 35 ,/ rda’
daracay a3
. A
. 4
Let.us take the derivative of Age: with respect to x. We have N
datz) _ aad R
"lu _ 1283 2
3 anﬂ-r; a3
1 aufl: ‘?" ( at3 §]
3 aizaa3

By setting the derivative equal to zero and solving the resulting equation, we obtain the solution

Lt
aaa23

X9 =

. N daie . date . . . .
[t is easy to see il itz > rp and g <0 if x « z9. Hence rg is the only minimum point
of Al)l,. Also notice that at = = zo we have AlZL, = 3, that is. at z = ro, the matrix 4 has perfect
consistency

The minimum point of A}, zo = ., . does depend or the judgment scale ay3,2;3 and as;. But we
do not know what values a;».ay3, an& axs have before an experiment. In this case, then, there does not
exist an.x which is independent of the judgment scales such that the corresponding scale is optimal with

respect to consistency.

Now if --’-‘;l; > 1, then no £ in (0, 1] will give a smaller value for Aaz{z). On the other hand. if PR
then no value of z in {1. —) will give a smaller value for Amq:. Unfortunately, before an experiment we do

rot know whether ;:—1:— < lor .T‘:; > 1. Thus, it is impossible to know before an experiment whether

r > lorr< 1 will give the smaller /\...,, to improve the consistency.

Let us consider the case where there ate four objects to be compared. This: case 1s much more complicated
than that in which we have only three objects to be compared. Suppose we have the following matrix after
the pairwise comparisons are made:

- F
(L]
H

Rl |
A8k~ §

where . 6.« d.«, and f ate positive mtegers between one and nine
The charactenstic equation of 4 is

AV L 8A-a- 1 Ay =9
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where

uaf‘il"i'—t'"qff—‘l '
. dfr ! aer
adr b bfr .
U Cadr ' iR
RTINS L ST
c adfx? bf ae
od be
e~

By solving the characteristic equation of 4. Saaty {1980} gets
Al _ v+ 8—31, _a
mar 2 ’ 4 27 +4

v {8+ % +89)+ RGP+ 6~ 2 < sy

where

2 - 2
{(-8+ % ~83) - \/[T‘(,ﬂ P+ (8- T —sapphr

Notice that
bl bl dy ol da

. = — 4 —.
dx a9y dz da dx
One could show the equation below
’ e _
dx

is not a polynomial equation ir z. In fact. the equation is so complicated that we do not know how to
solve it algebraically.

If we have five or mote objects to be compared, then the Abel Theorem tells us that we can not even
write down the solution for Ama;z in closed form. Therefore we have to use another approach to attack the
problem.

Suppose we have n objects to be compared. After pairwise compatisons are made, we get the following
matrix:

1 ax azr
1
- ar 1 azr
A= .
. .
] 1
arxr L2 l

1e., the judgment scale values for object ¢ over ; are all the same as long as « < ; where a is a positive
integer between two and nine.

’
Obviously. when az = 1, we'get perfect consistency and AXl = n. Thus, at r4 = i we get the minimam
of Maas which is n. Again, ro does depend on the judgment scale a.
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Is 1o = % the only one minimum point such that AEl. = a7 If thete exist other minimum points such

that AZY, = n, do they depend on a? Let us find the characteristic polynomial of A befote we answer the
questions.

L ]
Define -
ik—l -ar . -az
. =t aA-1 -ar .
f(n):%.\—:ll:i “*
ey o A-1

The above determinant is a classical one in linear algebra. By using the elementary properties of a
determinant, one could find an algebraic expression for this determinant which is given below:

." fin) = ﬁ()\—l-f-ax)l"-ax(,\-l-%—;—:l".

:"’-“

The above result could be found in many textbooks of linear algebra such as Faddeev(1963).

The characteristic equation of 1 is

L(A-1+az)" —ac(A-1+ L)

0.
i —oT .
Simplifying, we have
A-1+ ;‘; " -2
Forvee) =0

There are n solutions to the above equation. which are

Ay -1~ L =2 i
A -1 ~azx = (ax)=e
for k = 1,2, .
Notice that A'S) 3 n. which implies
1
Mot o
Ay =-1+4ar —
hence we have. 3
(r ;4
i L d o
A L ~ar

Finally,
P I ;l; -‘rx’_x)t-x

mazx T3
: L- ()%

. e { . . . . s . > P . . .
Notice that Ard;: is a differentiable function of r execpt at the point = = 3 which is a discontinuous point
of Mra:  Also notice

H r -
lim /\',,,?, T -,

r—n*

10
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hm XN, = —x.

when n - 2. By the calculus, we know that the minimum points of At7}, have to'be in those points ¢ such

that a—Am.: =forz=1}

a

1 2 1 i 2 1 i~
i,\(" zﬂ-‘—;!-.(; l)(ar " F}' (GIL"
3z tres ey
d_y1y*2
{é_ _’ n ( i. o l
FRIEIL:

Multiplying the numerator above by ! and setting the result equal to zero, we obtain

3 re 1 ;.—312 1 a1
(- - 1)(—) ,[1_(._).. - -tz ) (=} =0
a.r‘ R axr
If y = Z;, the above equation becomes
-y —(——l}y - vh) - - —y*t =0

The above equation is independent of a, hence its solutions are independent of a, too. Suppose yo is a

solution of the above equation, then a solution to a—/\s,.,, =0is 79 = a‘T which does depend on the
Jjudgment scale a.

The following theotem summarizes what we have found <o far:

Theorem 1. In the family of scales 1, 2x, --+,9x, where z > 0, there does not exist an 2 which is independent
of the judgment scale such that the ALZ). of the corresponding pairwise comparison matrix always attains
its minimum at z. Equivalently there does not exist an x such that the corresponding scale is optimal
with tespect to consistency in this family.

Let us extend the above theorem to a more general case. Suppose the general transformation of the scale
1,2,--..9,is 1, f(2,2), f(3,z), f(4.2), F(5.2), f(8,2), f(7,2), f(8,z), and f(9,7). The family of scales
1, 2z, 3z, 4z, 5z, 6z, Tz, 82, and 9x is an example of general transformation of the scale 1, 2, 3, 4, 5, 6,
7. 8, and 9 with f(a,x) = ax where @ = 2,3, ---, 9. If we set f(a,2) = a®, whete @ = 2,34,-.-,9, we get
another family of seale 1, 2%, 3%, 4%, 57 6%,7%, 8%, and 9*. We tequire that f{a.x) be positive. For any
fixed z, f(a, z) is a strictly increasing function of a or & strictly decreasing function of a.

In the family of scales 1, f(2,7), ---. f{9.7), does there exist an zg which is independent of the judgment

scale such that ,\f,::, of the corresponding pairwise comparison matrix always attains its minimum at
x = 29?7 The answer is no. See the following counter example:

Suppose we have n objects to be compared. After pairwise comparisons are made, we get the following
compatison matrix:
1 fla.z) fla.x)

- ﬂc‘.z ] 1 f (a‘ x)
A=
1 1 1
L] NG.:; 7(6.3;
re each judgment scale value for object ¢ over ) is-the same as long as + ) where 215 2 positive nteger
between two and nine ¢

4




Then At ~fla.z) fla.r) i
m A-1 -fla, = )

1 1
Mex} ™ fleax) Aol

Similarly, we could find
—f(d,:)(z\—l-f',(‘:))“ “4“('\ t+ fla, 2))"
ﬂ.',) fla, z}

A - i =

Setting [Al — A1 = 0, and solving this equation, we get

A‘n‘:a’: =1+ [f(a,z)] - f(d 'tl‘
l—if(d-lﬁ‘

The possible discontinuous point of Ag.ﬁ, is the point z such that f(a,z) = I, but we can make it into
continuous point. Let y = f(a, ). Then

yit-y
SRR el §
1 —yx
|
hm;\(" -lq-llml——a.
y—1 l-y-

By L’ Hosptial's tule,

ioy . PP 2
lim 2 b | = lim ( ~2)y=-3
y—-1 12 i y=1 2 51
y- —2y=

i

lim(~1 +n)y~?
y—1

il

n—1 -

Heace
}i_.ml Mgk = n

Thus if we define A¥); = n when y = 1, then :\‘,.ﬂ, is a continuous function of y for y < (0,+x). Also
notice that when n > 2,
liy ), = <o,

yl!tlt *‘rzzz = =%

Thus, the minimum of As.ﬁ, has to be achieved at some paint inside the interval of {0. —x). In fact,

when y = 1, ,\....,,,_ n is the minimum of A...., There could be some other minimum point. In any case.
suppose %o is 2 minimum potnt of AY),. then the point zq such that yo = f{a.zo} 13 2 minimum point of

AE . Since fla. z) is a strictly increasing function of a or a strictly decreasing function of a. for a fixed =z,
if a is changed. ro has to be changed. too, Thus zo does depend on @ Hence we get the following theorem:

Theotem 2. In the family of scales | f{2.r), < .f(9.2). where f(a.r} is a strictly increasing functicn of

a or a stictly decreasing function of a for a fixed z, then there does not exist an r which 1s indepéndent
of the judgment scale such that a\f.f,’,‘ of the pairwise comparison matrix alwavs gets the minumum at

n2



r Equvalenthy thiere does not «xist an r such that the corresponding cale 1x optimal with respect to
consistency in this famils

3. Conclusiun

We have shown that thete s nu optimal scale i these two famulies of scales with respect to consis-
tency. Why do we choose <cale | 2, 3 ¥ The reason comes from Psychophysics, In his book.
The Analvuc Hicrarchy, Saaty answers this question. One interesting question remains: [s thete anv
optimal scale wn a different famly of scales from the above two families?
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