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ABSTRACT

From the point of view of multiobjective decision making (MODM), the
hierarchy structure of AHP is divided into two parts: the hierarcy order
combined weight w from total objective level to the last level but one
(criterion level), which is regarded as the decision maker's (DM) prefe-
rence to each criterion, and the hierarchical order odd weight matrix
R(x) from the last level (alternative set R) to the criterion level, which
is regarded as the decision making matrix Y(x) of multiple atttibution
decision making(MADM) problem or the optimal membership degree A(x) of
fuzzy multiple attribution decision waking {(FMADM) problem. Thus, AHP

is relevant to MADM or FMADM. The completeness and optimal conditions of
the algorithm -applying AHP to MADM or FMADM are provided in this paper.

MADM model is generally defined by

(MADM) { 3afoY(X) (1)
R=(x1,x2, oo .xn)
where Y(x) = (yl(x)."°- . ym(x))T is a qualitative or quantitative
attribution set of m dimension, and R is a descrete set composed of

n alternatives.

Definition 1. Let xER, ¥ is said to be an efficient solution of MADM
(or EMADM) problem is there does not exist other feasible x (i.e., x €R)
such that

) 3 Yt

For convenience of notation, we shall denote the set of all efficient
solutions of MADM by

*
R pa
#«% For arbitrary 1 .2
Y, YY€ER, i=1, - sm
we have
1 2 1 2
iY== y &y

*
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Definition 2. Let X€R.X is said to be an absolute optimal solution of MADM
(or FMADM) problem if there exists Y(x)XY(x), for amy x, X R. We shall
dgnote the set of all the absolute optimal solutions of MADM (or FMADM) by
Rab: x is a strongly optimal solution if

Y(x)<¥(X) for :arbitrary.'x, R€R ~
Definition 3. Let B, be a fuzzy set defined on [m,, Ml] where my >inf y (x),
and M 1788P ¥ (x). B is said to be a’fuzzy optimal point set of componen%
yl(x) of vec&or Y(x) if BI(MI) ¢
monotone ascending function.

Y where ¢ G(O 1}, and By (y) is a strictly

Definition 4. Let &1

R - {xtR 1 m.Cy, (x)M; , A, is said to be a fuzzy optimal set of the
component y, () o% the vector Y(x), if there exists a fuzzy optimal point
set B, of the component yl(x) such that & (x) =B, (v, (x)}.

be a fuzzy set definied on the get

It is well known that R =¢ for general MADM (or FMADM) problems. To get
the satisfactory solution, the.preference info;mation must be given by the
DM. This means that the mutual "collocation" relation of y (x) (or A, (x))
(i=1, 2, ..., m, for convenience, denote l€M) must be resolved in MAﬁM
(or FMADM). this "collocation" can be completed by some operation among |
yl(x) (1&éM) or fuzzy sets A {(x) (1€M). Therefore, we defined h operator (5] |
as follows.

-Definition 5. Suppose H(x) be a fuzzy set defined on the set R (R-f"1 R,)
}\{'(x) is a fuzzy mltiple atecributive optimal set if there exsits a £uzzy
optimal set A, of the component yl(x) (1€M) such that

~1
1. g(x)-h(i(x))nh(él(x), Az(x), ...,Iém(x)) (2)

*%)

is a strictly monotone ascending funtion.(

2. h{d,d,...,d)=d for arbitrary d, d€[0,1] 3)

The relation between AHP and MADM (or FMADM) is as follows:

1. The hierarchical order combined weight vector W=[wj,wy,...wyl",

which is decided by AHP from total objective to criterion level, corresponds

to the weight vector which represents the mutual importance of each L
companent of Y(x) (or A(x)) in MADM (or FMADM). These components of

weight vector satisfy the unitized conditiom, i.e.,

}_z-:],w '1 for wl)O. 1€M (&)

Caexc) Real function h which is defined on E,is saig to be a E:nctly
mon?tone ﬁscending function 1f for arbitrary t (3 , t€E™, t‘t implies
h(t™)<h(t"), h is said to be secondly strict monotone ascending function

1f t2<e? impries n(el)<n(e?).
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2. The. hierarchical order odd weight matrix K(x)‘[kl(x).kz(x),...’km(x)lr.

which is decided by AHP from the last level (alternative set R) to criterion
level, corresponds to the decision making matrix Y(x)=[y1(x).y2(x), ces

Yo (x)] in MADM, where yl(x)-[yl(x ,yl(x ),...,yl(xn)] is the decision
making vector of l-th attribution, or corresponds to the fuzzy optimal

. T _
set A(x)qf'l(x), ,52(’()’ ...,:}u(x)] in FMADM, where gl_(x)-['él(xl). 51(x2),
...,A (x )] is the optimal membership degree of l-th attribution.

3. In construting the judge matrix {aijin of Klfx), we assume the following
conditions. .
Condition 1. The judge matrix is said to be completely consistent if there

exist ai;l gi} (l)for arbitrary i, j, k€N and for arbitrary

1€M. (5)

Condition 2. The judge matrix is said to be quasi-consistent if
(1) (v
> a

yI(xiDyl(xJ) implies a P for arbitrary i,j,kéN, 1€M.

Theorem 1. The total combined weight WTK(x) of AHP is the fuzzy optimal set
}\I'(x) of FMADM problem if condition 1 or 2 holds.

Proof: Suppose yl(xj)>y1(xk) 1&M

If the completely consistent condition 1 holds, from the property of
consistent matrix ., we have:

ajk RKl(xj)/Kl(xk»l, s0 Kl(xj) > i(l(xk).

that is ’gl(yl(xj)» ’gl(yl(xk)) and ’ﬁl(xj)/ f.,lxk)'

Hence B.(.) is a strictly monotone ascending function. XIf the quasi-
consisteént condition 2 holds, under the same condition we have [4]
Kl(xj)>K1(xk), that is, gl(yl(xj)bgl(yl(xk)) and gl(x1)>&1(xk).
Bl(.) is still a strictly monotone ascending function. We suppose

A(xj)}A(xk), since w1>0, we have,

gwll(l(xj) > T wk (x) (n
Fvk "hea, (x)uhy(x,) oo oA (x ))=H(x )
=1

Therefore, H(x) is a stricl:ly monotone ascending function of A(x) where
Alx)= IA (x),A (x)....,A (x)]

Furthermore, for arbjtrary d, d€[0,1] there exists

B a P =d (8)
I=]1
From definition 5, we have wTK(x)='£l'(x). (9)
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Thus the total combined weight determined from AHP under the condition 1
or 2 is the optimal membership degree of the FMADM problem. This completes
the theorem 1.

Corollary l. When K(x) is regarded as decision making matrix Y(x) in MADM,
the total combined weight of AHP is the tot3i utility function of MADM
probiem if condition 1 or 2 holds.

Theorem 2. If a judge matrix satisfies condition l or 2, the necessary
condition for xeé R being a strongly optimal sdlution of FMADM problem
is: H(x )> H(x) for arbitrary x€R\x_.
~ e ~ e
Proof: Since X, is a strongly optimai solutionm,
Y(xe)>Y(x) holds, for arbitrary xEtR N\ g
this means that yl(xe)>y1(x) (1€M), for arbitrary x€R\ X,
for the strictly monotone ascending function B(.) we have
B (yl(x ))>B (yl(xi)) 1éM, i é€N\e,
that is (x )i@(xi 1€M, iéN \e.
From the condition 1 or 2 we have
Kl(x )>K (x ), iGN\ e, 1éM,
hence ll(x )= HTK(x »w K(x ) for any i€N\e. So the combined weight

of strongly optimal solution is the largest. The proof is complete.

Corollary 2. If the condition 1 or 2 holds, the necessary condition for
x &R being a strongly optimal solution of MADM problem is

U(xe) = WTY(xe) > WhY(x) = U(x) for arbitrary x€Rvx_.

Theorem 3. If a judge matrix satisfies condition 1 or 2, the sufricient
condition for X, being an efficient solution of FMADM problem is
H(x DH(x) for arbitrary x(R.

Proof: If X, is not an efficient solution, then there exists xss R,
such tnat Y(xe)<Y(x8), that is,
yl(xe)Cyl(xs) 16,

and ar least there exists a péM, such that b (x )<y (x 3.
From the fact of B (.) being a striectly monotone ascending function we
have

;-\B,l(yl(xe)) (,’gl(yl(xs))

and

B < &M

Np(yp(xe)) §p(y (x ) (1,p€M)
that is,‘g(xe) 65():8), K(x IR K(x ),
since w, > 0 (1€M), we have H(x_) = WK(x_) < WK(x ) = H(x ),

~ e e e ~ s

which contradicts H(x ) > H(x) for arbitrary x € R.
~ e ~

Therefore, xeﬁ R;a . The proof is complete.
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We conclude that the alternative with largest total combined weight
calculared according to AHP is an efficient solution of FMADM problem.

Corollary 3. If che condition 1 or 2 holds, the sufficient condition of
x, R being an efficient solution. of MADM problem

Ux ) = WTY(xe) > WY(x) = U(x) for any x ER.

Theorem 4. If the absolute optimal solution set of multiple atrribute
decision making problem R;a =¢, then the efficient solution set

- -

Rp& - R:b (2]

Proof: From définition 1 and 2, it is obviously R;,‘ag Rip .[2]
*

a= Rab !

Now we prove R;
if for arbitrary ien‘;b then

at least there exists a x¢€ R:b such that Y(x} & Y(x),

but this contradicts the fact X €R*, so X€F'_, this inplies R* @ R, .
pa pa pa  ab

*
We have Rpa'ER: . The proof is complete.

b
CONCLUSION

The structure of this method that DM looks for satisfactory solution

set and preference information is complete. Under the condition that
the Jjudge matrix between alternative level and criterion 1level is
completely consistent or quasi-consistent, the alternative is ordered
according to the combined weight, the strongly optimal sclution is always
arranged at the first place, and the solution at the first place is
certainly the efficient solution of MADM (oxr FMADM) problems. We have
applied this method to assignment making for graduates[3], scientific
management in some universities[3], and program making for developing
science and technology in Jiangsu province. The results were satisfactory
consistent judge matrix. Some methods, such as qualitative ordering
arrangement, adjacent comparison Jjudgment and replacing the matrix
Jjudgment by direct form judgment, have been used to help the specialists
in getting consistent judge matrices. Since the completely consistent
judgment is a ideal constraint condition, relaxed conditions remain to
be studied. Furthermore, studies are needed to relate between
quasi-~consistence and satisfactory consistence.

-
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